PROBLEMS ON ALGEBRAIC TOPOLOGY

The 2021-22 exam consisted of problems 1.2, 7.1, 4.1, 6.2 and 7.16.
The 2022-23 exam consisted of problems 3.1, 2.1, 9.5 and 7.14.
The 2023-24 exam consisted of problems 3.2, 2.2, 9.10 and 7.15.
The 2024-25 exam consisted of problems 9.3 and 1.14.

1. HOMEOMORPHISMS

Problem 1.1. Let z be a point in R", and suppose € > 0. Put U = {y € R" | || — y|| < €}. In lectures we claimed
that there is a homeomorphism f: U — R"™ given by

y—x . VR +4z]]? —e
fW)=——"5>3 fFR)=r+-—F—5—
1—[ly — =[]?/e? 2||z(?
Check carefully that these formulae give well-defined and continuous maps with the appropriate domains and ranges,
and that they are inverse to each other.

€z.

Problem 1.2. Consider a real vector space V' with inner product, and a point z € S(V). Put A={y € V' | (y,z) =0}
and B = {z € S(V) | (2,2) > 0}. In the notes it is stated that there is a homeomorphism f: A — B given by
fly) =(x+y)//1+ |ly||?>. Prove carefully that this is indeed a homeomorphism, and give a formula for the inverse.
[Hint: you can start by simplifying (z, f(y)).]

Problem 1.3. Recall that u(n) = {8 € M, (C) | 3+ 8" = 0}. Find a basis for u(2) over R, and prove that u(2) is not
a complex vector subspace of M (C).

Problem 1.4. Recall our definition of the lens space: we have a complex vector space V of dimension n with inner
product, and an integer d > 1. We put Cy = {w € C | w? = 1}, and we let this act on S(V) by multiplication. The
lens space is then M = S(V)/Cy. What can you say in the special case where n = 1, or the special case where d = 2?

Problem 1.5. Let V be a finite-dimensional vector space with inner product. In Section 4 of the notes we defined
spaces S(V,), S"(Vy), S+ (V1)/S(V), SV, and B(V)/S(V), and gave a table of formulae giving homeomorphisms
between all these spaces. Verify a few of these formulae.

Problem 1.6. By quoting a suitable general theorem, prove that A; x As x Ag is homeomorphic to Ag.

Problem 1.7. Consider the square X = {(z,y) € R? | 0 < z,y < 1} and the edge Y = {(x,0) | 0 < = < 1}. Prove
that X/Y is homeomorphic to B2.

Problem 1.8. Let X be a space, and Y a closed subspace, and let Z be any other space. Construct a continuous
bijection f: (X/Y)ANZy — (X x 2)/(Y x Z).

(In the cases of interest f~! will be continuous so that f is a homeomorphism, but there are technical subtleties
around this point.)

Problem 1.9. If X and Y are finite based sets, with |X| = n and |Y| = m, what are | X VY| and |[X AY|?

Problem 1.10. Recall that the Cayley map f: u(2) — U(2) is given by f(8) = (1+ 5/2)(1 — 3/2)~!. Put X =
U(2)\ f(u(2)). Prove that X = {a € U(2) | — 1 is an eigenvalue of o}, and thus give a homeomorphism
g: (CP' x SY/(CP! x {-1}) = X.
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Problem 1.11. Let V be a finite-dimensional complex vector space equipped with a hermitian inner product. Recall
that

U(V)={a€End(V)|ala=1}
w(V)={a € End(V) | af + a = 0}.
For any « € End(V), we put
el = sup{[le()[| [ v € S(V)}

ok
exp(a) = — € End(V)

k!
k=0

We also put
W ={BeulV) |8l <}

Prove that exp maps u(V) to U(V). Prove also that if 5 € W then exp(3) has precisely the same eigenspaces as /3,
and deduce that exp: W — U(V) is injective.
When proving that U(V) is a manifold, the notes use the Cayley transform map

fa(B) = (1 +8/2)01-p/2)7"

We could instead have used the function 8 — exp(8)q; this generalises more easily to other Lie groups, but is more
fiddly.

Problem 1.12. Consider the group C' = {1, g} with g = 1. This can be made to act on S? in three different ways,
listed below. In each case identify the orbit space S?/C and decide whether it is a manifold.

(a) g.|z,y, 2] = [—x,y,2]
(b) g.[z,y,2] = [-z,—y, 2]
(C) g.[a?,y,z] = [—l‘, Y, _Z]'

(Here (b) is significantly harder than (a) or (c). You might want to start by thinking about the analogue of (b) for
S1, and by considering S* as a subspace of C.)

Problem 1.13. Which of the following are manifolds?

(a) My ={(z,y) € R? | zy = 0}
(b) My = {(z,) € R? | 2y < 1}
(c) Mz ={(v,y) e R?* |2y < 1}
(d) Ms = {(z,y) € R? | zy =1}.

Problem 1.14. Let U and V be finite-dimensional vector spaces over R equipped with inner products. Suppose
that dim(U) = n > 2 and dim(V) = m > 1. We can think of S(U) as a subspace of S(U @ V), and then form the
complement S(U & V') \ S(U) or the collapsed space S(U @& V)/S(U).

(a) Prove that the inclusion ¢: S(U) — S(U @ V) is homotopic to a constant map. What does this imply about
the resulting map i* of cohomology rings?

(b) Prove that S(U ¢ V) \ S(U) is homotopy equivalent to S(V).

(¢) Find the cohomology of S(U & V)/S(U) (paying attention to the special features that occur when m = 1).

(d) In the case where V' = R, describe the space S(U®R)/S(U) more explicitly. You may wish to start by drawing
pictures for the case where U = R? and V = R.

2. HoMmoToPrYy

Problem 2.1. Recall that X is a homotopy retract of Y if there exist continuous maps X 2V % X such that the
composite 7i: X — X is homotopic to the identity. By considering the effect of such maps on cohomology rings, show
that the sphere S* is not a homotopy retract of the 4-torus 7' = S! x S' x S x S*.



Problem 2.2. Recall that X is a homotopy retract of Y if there exist continuous maps X — Y = X such that the
composite 7i: X — X is homotopic to the identity.

Let U(n) be the group of n x n unitary matrices, and let T(m) be the m-torus (i.e. the product of m copies of S1).
By considering the relevant cohomology rings, prove that if n,m > 1 then U(n) is not a homotopy retract of T'(m)
and also T'(m) is not a homotopy retract of U(n).

Problem 2.3. Prove that any homotopy equivalence f: X — Y gives a bijection 7o(X) ~ 7o(Y) (where mo(X) is the
set of path-components of X). In particular, check that if X is path-connected and Y is homotopy equivalent to X
then Y is path-connected.

Problem 2.4. Let X be the set of continuous maps f: S' — S!. Define a metric and thus a topology on X. Using
winding numbers and the theory of coverings, give a homeomorphism X ~ Z x S' xY, where Y = {g: S' = R | g(1) =
0}. Describe H*X.

Problem 2.5. Recall that
R* ={z € HR|xk:0fork>>0}
k=0
-Or-Ust
k k

with the colimit topology.

S®={zeR®| > af =1} =J5"
k k

Verify that the topology on S as a subspace of R™ is the same as its topology as the colimit of the spaces S*. Prove
that S°° is contractible. You may like to consider the maps u(a,b,c): R[t] — R[¢] given by f — a+ (b+ct)f.

3. COCHAIN COMPLEXES

Problem 3.1. Define a cochain complex U* as follows. For all n € Z, the group U" is generated by an element wu,
with 100u, = 0, so U™ ~ Z/100. The differential d: U™ — U"*! is given by d(u,) = 10u, 1. Prove that H*U = 0
but that the identity map 1: U* — U™ is not cochain-homotopic to zero.

Problem 3.2. Let U* 5 V* 2 W* be a short exact sequence of cochain complexes and cochain maps. Suppose that
all the groups H*(U), H*(V) and H*(W) are finite, and that |H’(U)| and |H* (V)| are coprime for all j and k. What
can you deduce about H*(W)? (If you make any general claims about the theory of finite abelian groups, you should
give at least a brief justification.)

4. MAYER-VIETORIS

Problem 4.1. Say that a subset V' C R" is subconvez if it is either convex or empty (so that the intersection of any
two subconvex sets is subconvex). Let U be an open subset of R™, and suppose that U = Uy U - - - U U,,, where each
set U; is open and subconvex. Prove that H?(U) = 0 for j > m.

[Hint: you will need to use induction, but you should formulate the induction statement carefully.]

Problem 4.2. Put A = {0,1,...,n— 1} C R and U = R?\ (A x {0}). Calculate H*(U). (Hint: consider the sets
Usr =R?\ (A x [0,£00)) and use the Mayer-Vietoris sequence.)



5. THE KUNNETH THEOREM

Problem 5.1. Suppose we have a space X with H°X ~ Z and H*(X) ~ Z/2 and H?(X) ~ 7Z/3. What can we say
about H?(X x CP')?

Problem 5.2. Consider the spaces X = C\ {0,1} and Y = C\ {0,1,2}. The cohomology of these was described in
lectures. Describe H™(X x Y) for all n. Show that a®> =0 for all a € H*(X x Y).

6. CONFIGURATION SPACES
Problem 6.1. Consider the space
X = FyC = {(20, 21, 22, 23) € C* | 2; # z; wheneveri # j}.

The cohomology of X was described in lectures in terms of generators and relations. Use this to give a basis for H*(X).
(You can check your answer against the following facts: H*(F},C) has total rank n!, whereas the group H" 1(F,C)
has rank (n — 1)!, and the groups H™(F,,C) are zero for m > n.)

Problem 6.2. In the notes we defined spaces F,C and elements a;; € H'(F,,C). Prove that a;ja;yaxr; = 0 in H3(F,C).
Then prove that a;;a;xakmam:; =0 in H 4(Fn(C). Then give an inductive proof of the obvious generalisation.

Problem 6.3. Recall that B, C is the set of subsets S C C such that |S| = n (topologised as a quotient of F;,C).
Prove that B,C is homotopy equivalent to S'.

Problem 6.4. Construct homeomorphisms
FC~CxC*
F;C~CxC* x (C\{0,1})
B,C~CxC*

Describe the cohomology of all these spaces.

Problem 6.5. Let FoR™ denote the space of pairs (a,b) with a,b € R™ and a # b. Let B3R™ be the quotient of
F>R™ by the evident action of Cs, so (a,b) ~ (c,d) iff ((a,b) = (¢,d) or (a,b) = (d,c). Let RP"~! denote the space of
one-dimensional subspaces L < R". Show that B;R" is homotopy equivalent to RP" 1.

7. MATRIX GROUPS

Problem 7.1. If V and W are finite-dimensional complex vector spaces, we let J(V, W) be the space of injective
linear maps V' — W. Describe the spaces J(C,C), J(C,C?), J(C?,C) and J(C? C?) up to homotopy, and describe
their cohomology, including the ring structure.

Problem 7.2. Give a path joining I to —I in U(2).

Problem 7.3. Put SU(n) = {A € U(n) | det(A) = 1}. Define a: SU(3) — S5 x S° by a(A) = (Aeg, Ae1) (where
{eo, €1, €2} is the standard basis of C3). Prove that « is injective but not surjective.

Problem 7.4. Prove that SU(2) is homeomorphic to S, and thus that U(2) is homeomorphic to S x S3.

Problem 7.5. Prove that the space GL] (R) = {A € GLs(R) | det(A) > 0} is homeomorphic to R? x S*.
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Problem 7.6. Put J = |§39 § ], and let G be the group of matrices A € GL4(R) such that AT JA = J. This is
000 —1

called the Lorenz group. Prove that it has at least four path-components.

Problem 7.7. Recall the complex reflection map p: S x CP! — U(2): the matrix p(z, L) has eigenvalue z on L, and
eigenvalue 1 on L*. Consider the following two matrices:

1li+1 —i—1 11 -1
A‘zL‘H i—H} B_ﬂL 1]'

One of these has the form p(z, L) for some z and L, and the other does not lie in the image of p. Work out which is
which, and find z and L.

Problem 7.8. Give a formula for the rank of the free abelian group H*U(n).

Problem 7.9. Give a basis for H*(U(4)/U(2)). (This should be interpreted as the space obtained from U(4) by
collapsing U(2) to a point, not the coset space.)

Problem 7.10. Find an integer n and a class u € H*U(n) such that u? is a nonzero element of H”2U(n).

Problem 7.11. Let p: U(3) xU(3) — U(3) be given by u(A, B) = AB. By quoting facts about p* proved in lectures,
calculate p*(ajazas) € HY(U(3) x U(3)).

Problem 7.12. Exhibit a homeomorphism U(n) = S x SU(n), and check that it is not an isomorphism of groups
unless n = 1. Prove that
H*SU(TZ) = (H*U(n))/a1 = E[ag, as, ... 70,271_1].

Problem 7.13. It is known that any manifold M can be embedded as a subspace of a finite dimensional vector space.
As an example, exhibit an embedding of PV in Hom(V, V) (for any Hermitian space V). (Look through the discussion
of the topology of U (V) for hints.)

Problem 7.14. For a complex matrix A we write A" for the conjugate transpose, so Ajj = Aj;. Recall that SU(2)

is the group of 2 x 2 complex matrices A such ATA = I and det(4) = 1.

(a) Consider a matrix A = [g 2] € M>C. In terms of the entries a, b, ¢ and d, what are the conditions for A to

be an element of SU(2)?

(b) Show that if A € SU(2) and the first column of A is eg = [§] then A = I. Deduce that if A, B € SU(2), and
A and B have the same first column, then A = B.

(c) Show that there is a homeomorphism f: S — SU(2) given by

w+ir —y+iz

fw.y ) = VT HEL

(Do not assume any properties of this formula without checking them.) Note that this means that S® can be

identified with SU(2) and so has a group structure.
(d) Now put

F38% = {(u,v,w) € 83 x §% x 8% | u # v,u #w,v #w}
Prove that this space is homeomorphic to $% x R3 x (R?\ {0}) and so is homotopy equivalent to S% x S2.
(Hint: use the group structure from (a), and stereographic projection.)

(e) Deduce a description of the cohomology of F3S3.

Problem 7.15. Let X C U(3) be the space of 3 x 3 unitary matrices whose characteristic polynomial is #3 —¢2 —t+41.
Find a well-known space Y that is homeomorphic to X and thus describe H*(X). Your answer should specify the
topologies used on X and Y and explain why relevant maps are continuous.
(Hint: unitary matrices are diagonalisable, and eigenvectors with distinct eigenvalues are orthogonal.)
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Problem 7.16. Exhibit a homeomorphism f: St x SU(3) — U(3). Deduce that
rank(H*(U(3))) = rank(H*(SU(3))) + rank(H'~1(SU(3))),

and thus calculate the ranks of all the cohomology groups of SU(3). (You may assume that these are all free abelian
groups. )

8. VECTOR BUNDLES

Problem 8.1. If T is the tautological line bundle over CP™, prove that S(T @ T') = RP?"+1.

Problem 8.2. Let ¢: V' \ {0} — PV be the usual quotient map, and let T denote the tautological bundle over PV.
Prove that ¢*T is isomorphic to a constant bundle.

Problem 8.3. Let L be the Mobius bundle over S!, given by L, = {w € C | w? € 2.[0,00)}. Prove that the bundle
C®r L >~ L ® L is isomorphic to a constant bundle.

Problem 8.4. Let V and W be complex vector bundles over a base X, and suppose that dim¢ (W) = 1. Prove that
PVeW)~PV.

Problem 8.5. Let V be a Hermitian space, and let L be the tautological bundle over PV. Interpret Hom(L, L") as
a bundle over PV, and show that it is isomorphic to the tangent bundle.

Problem 8.6. Let V be a complex vector bundle over U(n) that can be written as a direct sum of line bundles. What
can you say about fy (¢)?

Problem 8.7. Find a partition of unity on R subordinate to the covering by open sets U,, = (n —2,n+ 2) for n € Z.
Problem 8.8. Consider the lens space X = §3/Cy; what is | Pic(X)|?
Problem 8.9. Consider the n-torus 7" = S! x -+ x §* = (S1)". What is the rank of the abelian group Pic(T™)?

Problem 8.10. Let L be the tautological line bundle over CP!, fix an integer m, and put X = P(C @& L™). For
which m does there exist a € H?(X) such that a® generates H*(X)?

9. MISCELLANEOUS

Problem 9.1. Recall that the Mobius band can be described as
M = {(z,w) € C x C||z| =1 and w? = tz for some ¢ > 0}.
Prove that this is homotopy equivalent to S!.

Problem 9.2. Let G be a path-connected topological group, such that H*(G) is a finitely generated free abelian
group. Prove that every element of H!(G) is primitive.

Problem 9.3. Consider an integer n > 1 and the Milnor hypersurface M = H;, C CP! x CP™ with its two
projections
cpPt & M — CP™.
(a) Describe the cohomology ring H*(M) as explicitly as possible. Your description should include the ring
structure and a basis for each of the individual groups H*(M).
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(b) Construct a map s: CP! — M with pos =id: CP! — CP!. Explain carefully why your definition is valid.
(c) Show that when n = 1 you also have sop =id: Hy 1 — Hi 1, so s is a homeomorphism.
(d) Describe the ring map s*: H*(M) — H*(CP?'), in terms of the elements that you listed in part (a). (You will

need to consider properties of the map qos: CP! — CP™.) Explain why your description is compatible with
the relations in H*(M) and H*(CP'), being careful to cover the case n = 1 as well as the case n > 1.

(e) Now suppose that n > 1. Suppose we have u,v € H?(M) with u? = 0 and v = 0 but u # 0 and v? # 0.
Show that there are integers a,b # 0 with u = ay and v = b(y — nz).
(f) Deduce from (e) that when n > 1, M is not homotopy equivalent to CP! x CP"~!.

Problem 9.4. Let M be the Milnor hypersurface in CP? x CP2, and let y and z be the standard generators of H* M.
Give a basis for H*M, and express (y + 2)* in terms of that basis.

Problem 9.5. Let M be the Milnor hypersurface Hoy.

(a) For each 4, find a basis B; for the free abelian group H*M. You should find that Bjg consists of a single
element which we will call u.

(b) Suppose that By = {a1,...,a,} and Bs = {b1,...,b.}. Each product a;b; then lies in H'°M and so is equal
to m;;u for some integer m,;. Find these integers.

(c) Hence find an alternative basis b}, ..., b. for H®M such that

i
= {1 =
0 ifi#7.

Problem 9.6. Let Hs» = {([2],[w] | >, zw; = 0} be the standard Milnor hypersurface in CP? x CP?, and let
F3 = Flags(C?) be the space of flags 0 = Wy < Wy < Wy < W3 = C? in C?. By quoting results from the lectures,
write down the cohomology rings of these spaces, and prove by pure algebra that they are isomorphic. Find a
homeomorphism Hj o — F3.

Problem 9.7. Recall that a Mdbius transformation is a map f from the Riemann sphere C U {co} ~ CP! to itself
that can be written in the form f(z) = (az +b)/(cz + d) for some a,b, ¢,d € C with ad — be # 0. Let M be the group
of Mébius transformations.
Construct homeomorphisms
SL(2,C)/{£1} ¥ M ~ F3(CU {o0}).
By considering SU(2), construct an interesting map RP3 — F3(S?). By considering the Gram-Schmidt process, prove
that this map is a homotopy equivalence.

Problem 9.8. For 0 < k < n + 1 we regard C* as a subspace of C"*! in the usual way. Let B,, be the space of those
flags 0 = Vy < ... < Vjuq = C™1in C™*! for which Vj, < CF*! for k = 0,...,n. Define line bundles L1,..., L1
and My,..., M, over B, by

Liv =Vi ©Viy
Myy =CH1l o,

(here W © U means the orthogonal complement of U in W). Check that Ly & My = C @® My_; and deduce some
relations among Euler classes. Show how to regard B,, as a projective bundle over B,,_; and deduce a description of
H*B,.

Problem 9.9. Let V be a complex vector space of dimension n and let S be a subset of {1,...,n — 1}, say S =
{d1,...,dm-1} with dy :=0 < dy < ... < dm-1 < dp, :=n. Let Flagg(V) be the space of sequences (Vy4, < ... <
Va,, < V) such that dim(Vy, ) = dj, for all k. Guess a description of Hom(H* Flagg(V'), R) for any ring R, and outline
a proof that your guess is correct.

(Note that when S = {k} we have Flagq (V) = Grassy(V), and when S = {1, ..., k} we have Flags (V) = Flag, (V),
and both of these cases have been covered in lectures.)



Problem 9.10. Let X be the space Flag(C?) of complete flags in C3. Find an element u that generates the highest-
degree nontrivial cohomology group of X. Find two bases a1,...,a, and by,...,b, for H*(X) such that a;b; = u for
all i and a;b; = 0 for all 4 # j with |a;| + [b;| = |u|. Show that for every v € H?(X) we have v® =0 (mod 3).

Problem 9.11. Give a basis for H*(Grasss(C*)).

Problem 9.12. Let L be a complex line bundle over a space X, and let L’ denote the j-fold tensor power of L (eg
[3=L®L®L). Show that e(L® L?*® L3) =e(L® L° @ L).

Problem 9.13. Let M be a compact connected oriented manifold of dimension n, with fundamental group m M = G.
You may assume that the groups HyM and H*M are finitely generated and that the following three theorems hold.
e Poincaré duality: There is a natural isomorphism HyM — H" kM.
e Universal coefficients: There is a natural pairing H,M ® H*M — 7Z, which gives rise to surjective maps
H*M — Hom(H,M,7) and H,M — Hom(H"*M,7Z). These fit into short exact sequences as follows:

Ext(Hy_1M,Z) — H*M — Hom(H, M, 7Z)
Ext(H**'M,7) - H M — Hom(H*M,7)
e Hurewicz: There is a natural isomorphism H; M = G/[G, G] (the maximal Abelian quotient of the funda-

mental group). If there is an integer & > 1 such that mM = ... = 1M = 0, then there is a natural
isomorphism HiM = w, M.

(1) Suppose that n = 3 and G is finite. Describe H.G and H*G (including the ring structure) in terms of G.
(2) Suppose that n =4 and G = 0. Prove that moM is a free Abelian group.
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