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we have ¢*: K(Y) = K(X) and qi, g..: K(X) = K(Y) with gt - g" F g..
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» Proof: induction on the truncation level m.Greenlees-Sadofsky is m = 1.
To define v at level m+ 1, we need v to be an isomorphism at level m.
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There is a category K’ D K of telescopically-local spectra
(also depending on (p, n))

Ravenel's Telescope Conjecture (1984) is equivalent to K = K.

The other conjectures in the same paper were proved by Hopkins,
Devinatz and Smith; this is the foundation of chromatic homotopy theory.

There is a long history of attempts to disprove the Telescope Conjecture,
and recent rumours of progress; but it remains open.

The K’-analogue of the Greenlees-Sadofsky theorem was proved by Kuhn
(2003).

The K’-analogue of the Hopkins-Lurie theorem was proved by Carmeli,
Schlank and Yanovski (2018).
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> If n=1and G is a finite p-groupoid then E = KU, and
R(G)j = R(G) ® Z, = E°(BG).
This relates ambidexterity theorems for V¢ to those for K¢.
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Finite groupoids

» A groupoid is a category G in which all morphisms are invertible. In
particular:

> For every object a € G, the set G(a, a) is a group

> For every morphism u: a — b we have a bijection G(a, a) — G(a, b) given
by g — ug, and a group isomorphism G(a,a) — G(b, b) given by
g ugu_l.

» A group can be regarded as a groupoid with only one object.

> A groupoid G is finite if the set mo(G) of isomorphism classes is finite, and
G(a, b) is finite for all a and b.

» If so, we can choose a list ai, ..., a, containing precisely one object in
each isomorphism class; then G is equivalent to the coproduct (in
groupoids) of the finite groups G; = G(aj, a;).

» Thus, most questions about finite groupoids can be reduced to questions
about finite groups.

» However, the groupoid picture is more natural for many purposes, and
leads more easily to the theory for co-groupoids.

> Also: a (finite) set is a (finite) groupoid with only identity morphisms.

> A groupoid G is equivalent to a set iff |G(x,y)| <1 for all x and y, iff
|G(x,x)| =1 for all x.
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(g 4 b)((x0, v0), (x1,v1)) = {g € G(x0,x1) | v © q(g) = v}
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Let A be the category of abelian groups, and let A¢ be the category of
functors from G to A.

Given A € Ag write A for the value of A at an object x, and
us: Ax — A, for the map induced by u € G(x, y).

There is a closed symmetric bimonoidal structure on Ag, with
(A® B)x = Ac® Bs and (A® B)x = A« ® By and
Hom(A, B)x = Hom(A, By) and 1, = Z.
The functor ¢: G — 1 gives ¢*: A — Ag with ¢*(A)x = A for all x. This
has left adjoint ci(A) = lim A and right adjoint ¢, (A) =lim A.
—G G

For more general q: G — H and b € obj(H), we have a comma category
(g | b) with objects {(x, V) | x € obj(G), v € H(q(x), b)} and morphisms

(g 4 b)((x0, v0), (x1,v1)) = {g € G(x0,x1) | v © q(g) = v}

This is isomorphic to the category of pairs (x, w) with w € H(b, g(x)).
For A € Ag the construction (x, v) — A gives a functor (q | a) — A
whose colimit and limit are qi(A), and g.(A)s respectively (Kan formula).

Thus, ambidexterity for g and g. relates to (co)limit ambidexterity for the
comma categories (q | b).
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> For A€ Ag and x, y € obj(G) we define v}, = 3 .,y Ui Ax = Ay
» For g: x' = x and h: y — y’ we find that v}, , = h.vj g Av — Ay
Thus, there is a unique v: a(A) — c.(A) with
vy = (A = a(A) 5 c.(A) 2y Ay) for all x, y.
> For any a € obj(G) we have a projective generator P, with
(Pa)x = 2{G(a,x)} ~ Z{G(x, a)}
so Yoneda gives isomorphisms Ag(Pa, A) ~ A, ~ Ag(A, P,).
Taking A to be constant, we get c(P.) = c.(P,) = Z.
One can check that v: c(P,) — ¢.(P.) is an isomorphism.

» As v is iso for projective generators, it is iso for all projectives.
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> For A€ Ag and x, y € obj(G) we define v, = 3 o, ) Ut Ac = Ay

> For g: x' = x and h: y — y’ we find that v}, , = h.vyge: Av — Ay
Thus, there is a unique v: a(A) — c.(A) with

vy = (Ax = a(A) 5 c.(A) 2y Ay) for all x, y.

> Define d: obj(G) — N by d(x) = |G(x, x)|. This satisfies
d(x) = |G(x,y)| = d(y) whenever G(x, y) # 0, so it is constant on
isomorphism classes.

» Now choose a list a1, ..., a, of isomorphism class representatives, and
Pay ]

define p = 31 (c.(A) 25 A, =55 al(A)).

» One can check that p does not depend on the choice of ax, and that
pv: a(A) — a(A) is multiplication by d, and that vp: c.(A) — c.(A) is
also multiplication by d. Thus v is iso when d is invertible.

» As d is always invertible in C we see that v is iso for ¢, c.: Vg — V.
When G is a finite group this is the well-known isomorphism V¢ ~ ve.

» By reduction to comma categories: for any q: G — H of finite groupoids
we have g1 ~ q.: V¢ — Vh.
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sets iff they have d = 1 iff g: G(x,y) — H(q(x), q(y)) is injective for all
X,y € obj(G) iff g is a faithful functor.
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> d: obj(G) — N by d(x) = |G(x, x)|

» v: a(A) — c(A) is an isomorphism in any context where d is invertible.

» G is equivalent to a set iff d = 1. If so, then v is invertible, and we have
a(A) = c(A) = B, Aa-

> Exercise: for g: G — H, the comma categories (g | b) are equivalent to
sets iff they have d = 1 iff g: G(x,y) — H(q(x), q(y)) is injective for all
X,y € obj(G) iff g is a faithful functor.

> Recall that qi(A)s and g.(A)s are the colimit and limit of the same
functor on (g | b). Thus, if g is faithful then g ~ g..



