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Equivariant spectra

For a finite groupoid G, put S¢ =[G, S].

Any V: G — L (i.e. V € Lg) gives SV, 57V € Se.

Define 75 (X) = lim [SV,(ST"AX)(V)]°.
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Say f: X — Y is a genuine equivalence if
w’;’(f) is iso for all subgroupoids H < G.
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Say f: X — Y is a Borel equivalence if
7 (fa): e (Xa) = 7.(Ya) is iso for all a € obj(G)
(or equivalently, 7 (f) is iso for all discrete subgroupoids H < G).
» Two oo-categories: S¢ has Borel equivalences inverted,
GS¢ has genuine equivalences inverted.
> For X € Sg and a, b € obj(G) we have G(a, b); — S(X,, Xp) and
correspondingly X>°G(a, b)+ A Xa = Xp and X>°G(a, b)+ — F(X5, Xp).
> The map p: G(a, b) — 1 gives a transfer p*: S — £°°G(a, b); in hS.
> Combining these gives a map S° — F(X,, Xp) or vap: Xz — Xp, which is
essentially D, (. p) Us-
» These induce v: a(X) = c.(X) in hS; iso if G is empty or contractible.
» Now suppose we have q: G — H. By applying the above to comma
categories, we get v: qi(X) — g«(X) in hSu, and this is iso if g is faithful
(Wirthmiiller isomorphism).



Periodic complex cobordism

>

For a complex inner product space V put

MP'(V)={(u,U) |lue U< V& V}U{x}

Define an orthogonal ring spectrum MP by MP(V) = QVMP'(V @ iV).
Using ok MP'(C) = m(S° V CP? v §*) = 1 MP = MP, = MP~% we
get vt € MP_, and u € MP, with u™'u = 1; so MP,jj = MP;.

There are natural maps £ P(C @ V) — MP’(V) which assemble to give
x: X®°CP> — MP i.e. x € MP°(CP>).

Using cofibrations CP"~! — CP" — S%" we get MP*(CP>) = MP*[x].
Using Kiinneth we get MP*(CP> x CP*°) = MP*[y, z].

We can identify CP>° with (C[t] \ {0})/C*, which is a commutative
monoid under multiplication (and a group up to homotopy).

We have mult™(x) = Fup(y,z) =3, 50 a;jy'Z for some a; € mwo(MP).
Commutative monoid structure implies Fuyp(x,0) = x and

Fur(x,y) = Fmp(y,x) and Fup(x, Fur(y,z)) = Fup(Fup(x,y), 2)

so Fup is a formal group law.

Theorem (Quillen): m1(MP) = 0 and mo(MP) = Z[a1, a2, . . .] with

ai = a1, a2 = 312, a3 = ax — ai3, a4 = ais, as — aie + A + az4, ...

Also: for any formal group law F over any ring R, there is a unique
¢: mo(MP) — R carrying Fuyp to F. So mo(MP) is the Lazard ring.



Morava K and E

Fix a prime p and n > 0.

Put 1(x) = ¥,00x”™ /0 € QXD Flxy) = I"X(1(x) + I(y)) € FL(Q).
In fact F € FGL(Z) so we can reduce mod p to get Fx € FGL(IF,).

There is a unique ¢x: MPy — F, carrying Fup to Fk.

Write x +r y = F(x, y) and [n]r(x) = x + - -+ 4+ x (n terms).

We find that [p]«(x) = [p]rc (x) = x”" i.e. Fx has height n.

Define Ey = Zp[un, - . -, un—1] with up = p, u, = 1.

For I = (i,...,ir)in{1,...,n} weput |l[|=rand [[I| =0+ -+
and (1) = [1,.,P"* and v = []_, uZ‘(/).Then put

I£() = 5" /pl'l € (@@ Eo)[x] and Fe(x,y) = I (le(x) + le(y).
Using the Functional Equation Lemma: Fg € FGL(Eo).

> This is a universal deformation of Fx: if F' € FGL(R') and F' = Fx mod
a nilpotent ideal, then F’ comes from Fg (details are complex).
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» There is a unique ¢g: MPy — Ey carrying Fup to Fe.

» Using Landweber exactness and Brown representability: there is a
commutative ring spectrum E with EgX = mo(E A X) = Eo Q@up, (MPoX).

> There is also a ring spectrum K with K°X = (E°X)/(uwo, ..., tn—1)
whenever the sequence is regular (and same for Ko X).



Morava K and E of BC,,

Put U =C[t] \ {0} so CP> = U/C*

Define ¢m: CP*° — CP° by ¢m([f]) = [f™], so

(%) = [M]Fyp (X) = [M]mp(x) € MP®(CP>) (and same for E, K).
The map h(s, f)(t) = s+ (1 — s)(1 + st)f(t) gives a contraction of U.
Put C,, = <e2"i/'"> < C* and BCy, = U/Cpn.

CP® has a tautological bundle T with Tjs; = Cf and ¢, (T) ~ T®™.

Then BC,, = E(T®™) \ (zero section) so
cofibre(BC,, — CP*°) = Thom(T®™)
Using the Thom isomorphism we get MP°(BCx) = MP°[x]/[m]mp(x) and
MP'(BC,,) = 0 (and same for E, K).
> If m = p“my with pt mi then [m]x(x) is a unit multiple of
[P](x) = x*" so KO(BC) = Fp{x' | i < p™}.
» Similarly E°(BCn) = E°{x' | i < p™} (free of finite rank over E°).
> For A finite abelian: E°(BA) = E°(BCm,) ®o - - @0 E°(BCn,)
is again free of finite rank, and E'BA = 0.
> Or: G := spf(E°(CP™)) is a formal group scheme over S := spf(E®), and
spf(E°(BA)) = Hom(A*,G), where A* = Hom(A, S1).
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Morava K and E of BG
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Claim: if G is a finite groupoid and X: G — 7T is a finite G-CW complex
then E*(a(X)) is finitely generated over E™.

Can reduce to the case of a group, where c(X) = Xne = (EG x X)/G
and (G/H)hg = EG/H = BH.

The CW structure gives skelq(X)/ skelg—1(X) ~ £ V/,(G/H)+; so
enough to prove E*(BH) is finitely generated for all isotropy groups H.

So if all isotropy groups for X are abelian, then E*(Xi¢) is fg.

Put m = |G| and F = {flags (Wo < W1 < --- < W, = C[G])}.

Then X x F has abelian isotropy so E*((X X F)ag) is fg.

Also (X X F)nc is an iterated projective bundle over Xpg so E*((X X F)sc)
is free over E*(Xhg) with canonical finite basis; so E*(Xhc) is also fg.
Also: there is an equaliser E*(Xag) — E*((X X F)ng) = E*((X x F)1g).
Similarly K'(BG) is a finite vector space over F, with dual K_;(BG), and
K*(BG) = ker(K*(BG) — K*) is a nilpotent ideal.

(Story for E is more complicated; E.BG is the wrong object.)

There are nice calculations for X, GLn(F) with p { |F| < oo, groups of
small nilpotence class; also the generalised character theory of

Hopkins-Kuhn-Ravenel, and a clear picture of the relation with
representation theory (Chern approximation).
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Theorem (Greenlees-Sadofsky): for G a finite groupoid,

v: a(c”(K)) = c.(c*(K)) is an equivalence.

Equivalently: if G is a finite group, then K A BG; — F(BG;, K) is an
equivalence, or K.(BG) = K~*(BG).

For the proof we work in the genuine equivariant category GSg.

> Two fixed point functors ¢, A\°: GS¢ — S (geometric, Lewis-May).
> $CTX = £°XC and ¢¢(S*Y) = S*V° and

¢ (XA Y) = ¢%(X) A g°(Y).

78 (X) = m (A (X)) and GS(c*(X), Y) = S(X,A°(Y)) and if Y is free
then A°(Y) ~ Y"® ~ Y (cf Mg ~ MC for free Z[G]-modules).

Recall EG is contractible with free G-action, and E:G = cof (EG; — S°);
say X is free iff X € loc(G,) iff EGL A X ~ X iff EGA X =0.

As EG. A K is free, we have \°(EG; A K) = (EGy A K)ng = K A BG.
There is a map 7: EG; A K — F(EGy, K) such that A\¢(7) = v.

EG, A (—) converts nonequivariant equivalences to eq~uivariant ones, so
EG. NK ~ EG; A F(EG,, K). Using this: cof(v) ~ EG A F(EG,, K).
Thus: enough to prove EGA F(EG4+,K) =0 in GS¢.



For finite G, we need K'® = 0, where K'® = E¢ A F(EG,,K) = 0.

> For H < G we have resf;(K*) ~ K*; assume K™ = 0 by induction.

> We also have G/H; A K™ = indfj(resf;(K©)) = indf;(0) = 0.

> Put V=C[G]©Cso V® =0s0S(cxV)® =0 so
S(coV)y €loc(G/Hy | H < G) so S(coV): A K =0

> As 5V = cof (S(co V)4 — S°), we get
K¢ ~ §%V A K ~ 5V A F(EG,, K).

> Now \°(S™ A F(EG:+,K)) = A°F(S™™ AEG,,K) = F(BG;: ™, K)
and . (this) = K*(BG).(Thom class of — mV/).

> Taking m — oo we get 77 (K™) = e(V) 'K ~(BG), but (V) lies in the
nilpotent ideal K°(BG) so inverting e(V) gives 0.

> As w8(K') =0 and res§(K*) = 0 for H < G we have K¢ = 0.

> Conclusion: K°(BG) ~ Ky(BG) ~ Hom(K°(BG),F,), so there is a perfect
pairing K°(BG) ® K°(BG) — F, (of the form a® b — 0(ab)).

> If n> 1 then K°(BCy) = Fo[x]/xP" and 6(f) = coefficient of x*" " in f.

> For any G, the map (K°(BG) 2% K°(BG) @ K°(BG) 22% K°(BG))
is the identity, and this characterises 6.



