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Note: This document is not really finished. In particular, there are no references to the literature, although
almost nothing is original. I have nonetheless put it online, because some people asked me about results in
Section

1. Introduction

DEFINITION 1.1. A formal group law (FGL) over aring R is a formal power series F'(x,y) = Zmzo ai;xiyl €
R[z,y] that formally satisfies the axioms for a commutative group operation with 0 as the identity element.
More precisely, we must have

(a) F(z,0) =z € R[z]
(b) F(z,y) = F(y,z) € R[z,y]
(¢) F(z,F(y,2)) = F(F(x,y),2) € R[x,y, 7]

(d) There is a power series m(z) € R[x] such that m(0) =0 and F(z, m(z)) = 0.
We also write « +p y for F(x,y) and [-1](z) or [-1]p(z) for m(x). If k > 0 we define [k](x) = [k]p(z) =
T +p ... +r x, with k terms. We do not need any brackets because of condition (c¢). We also define
[—k](x) = [-1]([k](2)) and [0](z) = 0. One checks that [j + k|(z) = [j](x) +r [k](x) and [jk](z) = [7]([k](x))
for all j, k € Z.

REMARK 1.2. Here and elsewhere, rings are assumed to be commutative and to have a unit unless
otherwise stated.

REMARK 1.3. In conditions (c¢) and (d) we need to substitute one formal power series into another.
This leads to nonsense if the power series involved have nonzero constant terms. For example, if we try to
substitute the constant series 1 for « and y we get ), ; Qij which typically makes no sense because we have
no notion of convergence. However, if the constant terms are zero then there is no problem in expanding
everything out formally.

REMARK 1.4. We will later define formal groups, and it will turn out that a formal group law is what
you get from a formal group with a specified coordinate. There are many advantages to the coordinate-free
approach, but it is a bit abstract so we postpone it.

DEFINITION 1.5. We write FGL(R) for the set of all FGLs over R.

EXAMPLE 1.6. (1) The simplest example is F(z,y) = x + y; this is called the additive FGL. It can
be defined over any ring R.
(2) If u € R then we can take F'(z,y) = x + y + uxy, so that

Lt+u(@+ry) = (1+uz)(l+uy).

In the case u = 1, this is called the multiplicative FGL. It can again be defined over any ring R.

(3) If ¢ is an invertible element of R then we can define F(z,y) = (z+y)/(1+ zy/c*). We call this the
Lorentz FGL; it is the formula for relativistic addition of parallel velocities, where ¢ is the speed
of light. We are implicitly using the fact that (1 + xy/c?) is invertible in R[x,y], with inverse
Zkzo(_my/c2)k-

(4) If € and § are elements of R and 2 is invertible in R we can define the Jacobi FGL over R by

Flaoy) = &Y () +y\/Q(x)’

1 — ex?y?

where Q(z) = 1 — 2622 + ex*. We need to assume that 2 is invertible so we can use the usual power
series expansion of v/1 + t to define y/Q(x); one can check that the denominators of the coefficients
in this series are all powers of 2. The real reason why F(z,y) is a formal group law involves the
theory of elliptic curves and elliptic integrals. For a more direct proof, one can check that
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where 2’ = /Q(z) and ¥’ = \/Q(y). Tt follows that

F(F(x,y),2) =(2s3(epa + 6(A+ B+ C —4) + €53)+

2y 2(A+B—-C)+y'Zx(B+C—A)+22'y(C+A-B))/
(A2 + B% 4+ C? + 2e53(46 — epa) — 2),
where
A=1—ey’s? B=1—e?2? C=1-ex?y?
p2:x2+y2+22 83 = TY=Z.

This expression is symmetric in z, y and z, and it follows that F' is associative. The other axioms
are easy.

(5) In Section [14] we will explain a construction of FGLs due to Lubin and Tate. These are defined over
the ring Z, of p-adic integers (for some prime p), which will be introduced in Section a single
FGL over Z, is essentially the same as a compatible family of FGLs over Z/p™ for all m. Let f(z)
be a monic polynomial over Z such that f(x) = pz (mod z?) and f(z) = 2" (mod p), for some
n > 0. The fundamental result of Lubin-Tate theory is that there is a unique FGL over Z, such
that f(F(z,y)) = F(f(z), f(y)), and that for this FGL we have [p]r(z) = f(z). These FGLs are
important in algebraic number theory (specifically, in local class field theory). One can understand
the splitting field of f and its Galois theory quite explicitly in terms of the formal group structure.

(6) In algebraic topology, one can consider a number of complex-orientable generalised cohomology
theories. Such a theory assigns to each space X a graded ring E* X, subject to various axioms. If
L is a complex line bundle over X, one can define an Euler class e(L) € E*X, which is a useful
invariant of L. There is a formal group law F over E*(point) such that e(L® M) = F(e(L),e(M)).
In the case of ordinary cohomology, we get the additive FGL. In the case of complex K-theory,
we get the multiplicative FGL. In the case of complex cobordism, we get Lazard’s universal FGL
(Quillen’s theorem). This is the start of a very deep relationship between formal groups and the
algebraic aspects of stable homotopy theory.

EXERCISE 1.7. Prove that /141 lies in Z[1][t]. In other words, if f(t) = Y-, art® € Q[t] is the
unique power series such that f(¢)> =1+t and f(0) = 1, show that for each k we can write a, in the form
b/2™ for some integers b and m. One approach is to use the Newton-Raphson method: define fo(¢) = 1 and
Fee1(®) = (f@®)+ (1 +1t)/fx(t))/2 (checking that this makes sense). One can then show that fy(¢) convergeb
to f(t) in a suitable sense. Another approach is to show that ay = bx_1 + b, where by = (Qk )
Probably the best approach is to wait for Example however.

2. Basic results
One way to think of FGLs is as a recipe for defining honest groups. We now make this precise.

DEFINITION 2.1. Let R be a ring. We say that an element a € R is nilpotent if a’¥ = 0 for some integer
N > 0. We write A'(R) or Nil(R) for the set of nilpotent elements of R.

LEMMA 2.2. Nil(R) is an ideal in R.

PROOF. Suppose that a,b € Nil(R), say a® = 0 = b™. Then if a’b’ # 0 we must have i < N and j < M
s0 i+ j < N+ M. It follows that (a +b)N*M =371 /.. (NtM)aid =0, so a + b € Nil(R). Moreover,

if ¢ is an arbitrary element of R then (ac) = a¥¢V = 0, so ac € Nil(R). This shows that Nil(R) is an
ideal. ]

Suppose that F(z,y) = >, j ijT x'y/ is an FGL over a ring R, and that R’ is an algebra over R, so we
have a specified ring map u: R — R’ say. Let b and ¢ be nilpotent elements of R’. Then b'c? = 0 for all but
finitely many pairs (4, j), so we can define b +p ¢ = Zi,j u(ai; )b*¢? as a finite sum without worrying about
any kind of convergence. This defines a group structure on Nil(R’), whose identity element is 0.

DEFINITION 2.3. We write I'(Gp, R') or I'(GF, R, u) for the group Nil(R’) equipped with the group law
+ g described above.



REMARK 2.4. In the coordinate-free picture, it will be more natural to consider something a little
different. Fix a ring R, and a FGL F over R. For any ring R’, we let X(R’) denote the set of ring
homomorphisms u: R — R'. We write Gg(R') = Nil(R) x X(R’). There is an evident projection map
Gr(R') = X(R'), sending (a,u) to u, and the preimage of a point v € X(R’) is the group I'(Gr, R',u).
Thus Gg(R') is a bundle of groups over X (R’), and everything depends naturally on R’. This is an example
of a formal group over X (or over R).

REMARK 2.5. We clearly have Nil(Z) = 0, so we cannot tell the difference between different FGLs over Z
by just looking at I'(G r, Z). However, we can tell the difference if we look at groups like I'(G r, Z[s, t] /(s , tM))
instead.

We now prove some basic lemmas, as practise in the use of formal power series.
LEMMA 2.6. If F is an FGL then F(x,y) =z +y (mod zy).

Proor. We have F(z,y) = >, 5o ai;x'y! for some coefficients a;; € R. Condition (a) tells us that
a0 = 0 except for a;g = 1. Using (b) we see that ag; = 0 except for ag; = 1. Thus

F(z,y) =x+y+uzy Z aiga' "ty Tt
§,5>0
as required. O

LEMMA 2.7. Condition (d) in Definition [I.1] actually follow from conditions (a) and (b).

PROOF. Suppose that F' satisfies (a) and (b). As in the previous lemma, we have F(x,y) = ¢ +y
(mod xy). Define by = —1 and m;(x) = —x, so F(x,m1(x)) = 0 (mod x?). Suppose that we have defined
a polynomial my,(z) of degree k such that F(z,mg(x)) = 0 (mod x**1). There is then a unique element
brr1 € R such that F(z,my(x)) = —bpp128t (mod 2#+2). Define my1(x) = mp(x) + bpyp12* L. It is easy
to check that when ¢ > 0 or ¢ = 0 and j > 1 we have

mpyr(z) = 2'my(z)?  (mod zF2).

Using this and the fact that F(z,y) =  +y (mod zy), and working everywhere modulo 2**2, we find that

F(2,mps(2)) = 2+ mpr (2) + Y agga'my (z)!
1,7>0

= F(z,my(x)) — az"t?

=0 (mod z**?).

By an evident recursion, we have now defined by and my, for all k. We put m(z) = >, brz®, so that
m(z) = mg(x) (mod z**1) for all k, and thus F(z,m(z)) = 0 (mod z**!) for all k, so F(z,m(z)) = 0
exactly. 0

We next want to define homomorphisms between formal group laws. It is convenient to give some
remarks about composition of formal power series first.

LEMMA 2.8. Let f be a formal power series over a ring R such that f(0) = 0 and f'(0) is a unit
in R. Then there is a unique series g(x) € R[z] such that f(g9(x)) = x = g(f(x)). Moreover, we have
g'(0) = 1/f'(0). (This is just a formal version of the inverse function theorem.) We call this series the
reverse of f.

PRrROOF. The proof is similar to that of Lemma We define a1 = f/(0) and by = 1/a; and g1 (z) = byx.
Then f(g1(z)) = = (mod x2). Given a polynomial gi(z) of degree k such that f(gx(z)) = = (mod z*¥+1),
there is a unique element ¢ € R such that f(gx(z)) = z+cz* (mod z¥2), and we define b1 = —c/a; and
grr1(2) = gr(z) +brr12¥+L. One checks that f(gry1(7)) = = (mod 2*+2). This gives a sequence of elements
b for k > 0, and we define g(x) = >, bpz®. This satisfies f(g(z)) = z. By applying the same logic to g,
we get a series h with g(h(z)) = z. Thus f(g(h(z))) = f(x) but also f(g(y)) =y so f(g(h(z))) = h(z) so
f=hso g(f(x)) =x as required. One can also check that g is unique. O
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EXAMPLE 2.9. Take R = Z[1] and f(z) = (1 +2)" — 1, s0 f~}(y) = (1 + y)*/™ — 1. The conclusion is
that the coefficients of the usual Taylor expansion of (1 + y)l/ ™ lie in R. In particular, the coefficients of
VI +y lie in Z[1], giving another answer to Exercise

DEFINITION 2.10. We write RPS(R) for the set of reversible power series over R, in other words the
set of power series f(x) € R[z] such that f(0) = 0 and f’(0) is a unit in R. This is clearly a group under
composition. We write RPS; (R) for the subgroup of those f for which f/(0) = 1.

DEFINITION 2.11. Let Fy and F; be FGLs over a ring R. A homomorphism from F; to Fi is a formal
power series f(z) € R[z] such that f(0) =0 and f(x +5, y) = f(x) +r, f(y) € R[z,y]. We say that f is an
isomorphism if there is a homomorphism g from Fj to Fy such that f(g(z)) = . We say that f is a strict
isomorphism if f'(0) = 1.

REMARK 2.12. In the notation of Remark a homomorphism f as above gives rise to a map G, (R') —
Gp,(R) of bundles of groups over X (R’).

REMARK 2.13. It follows from Lemmathat a homomorphism f is an isomorphism if and only if f/(0)
is a unit.

EXAMPLE 2.14. In these examples we consider the following FGLs:
Fo(z,y) =z +y
Fi(z,y) =2z +y+ay
Fy(z,y) = (z +y)/(1 +zy).
All these can be defined over any ring R.

(1) If Q C R then the series f(z) =log(14+z) = — >, (—x)*/k gives an isomorphism from F; to Fy.
(2) If 2 is invertible in R then there is an isomorphism from Fj to Fy given by

1+2)—(1+2)7!
iy = (L) = (L)
1I4+z)+(1+=x)
(3) If 2 =0 in R then f(z) = 2/(1 + x?) gives an isomorphism from F; to Fp.

EXERCISE 2.15. Show that in the last example, we have f~(y) = >, yzk_l. Hint: (a+b)% = a® + b2
(mod 2).

3. Formal group laws over Q-algebras

PROPOSITION 3.1. If R is a Q-algebra, and F is an FGL over R, then there is a unique strict isomorphism
f: F = F,, where F, is the additive FGL, given by Fo(z,y) =z + y.

DEFINITION 3.2. This series f(x) is called the logarithm of F, and is written logp(z). Thus, we have
logp(z +r y) = logp(z) + logp(y). We also write expp(z) for the inverse of logp(z).
PROOF. Suppose that F(z,y) = Z”

respect to the second variable, in other words Fa(z,y) =3, ; jaijz'y? 1. Because F(z,y) = z+y (mod zy)
we have F»(0,0) = 1 so F»(¢,0) is invertible in R[t]. As R is a Q-algebra we can formally integrate and thus

define R it
fle) = /t:o Fy(t,0)

More explicitly, if 1/F5(t,0) = >, ¢t then we define f(z) = >, ¢z /(k +1). (We need not try to
interpret this in terms of Riemann sums or anything like that.) It is clear that f(z) = z (mod z?).
We are given that

a;jz'y’. We write Fy(z,y) for the partial derivative of F' with

F(F(z,y),2) = F(x, F(y, 2)).
If we take partial derivatives with respect to z at z = 0 we obtain Fy(F(z,y),0) = Fy(z,y)Fs(y,0),

or equivalently f/(F(z,y))™! = Fy(z,y)f'(y)~!, or equivalently f'(F(x,y))Fs(z,y) = f'(y). If we put
h(z,y) = f(F(z,y)) — f(z) — f(y) then we deduce that Oh(z,y)/0y = 0. Thus, if h(z,y) =3, ; di;x'y? then
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D jdijz'y’~! = 0 in R[z,y], which implies that d;; = 0 when j > 0. On the other hand, it is clear that
h(z,0) = 0 so djp = 0 so h = 0. This means that f(F(x,y)) = f(z) + f(y), so f is a homomorphism from F
to F,. It is a strict isomorphism, because f(x) =z (mod z?).

Now let g be another strict isomorphism, and let g~! denote its reverse. Then the series k(z) = f(g~1())
satisfies k(x 4+ y) = k(x) + k(y). We now expand this out and use the fact that all binomial coefficients are
invertible in Q and thus in R. It follows easily that k(x) = Az for some A\ € R, but f and g were strict
isomorphisms so A = 1. This shows that f = g. O

COROLLARY 3.3. If R is a Q-algebra then there is a bijection ¢: RPS;(R) — FGL(R) given by

o), y) = £ (@) + F(w)
6T F)e) = loze(e) = |

PRrROOF. Write ¢(F') = logp, so ¢: FGL(R) — RPS;(R). The proposition shows that

Y(F)(F(z,y)) = o(F)(@) + ¥ (F)(y),

or in other words that F' = ¢y(F), so ¢op = 1. On the other hand, if F = ¢(f) then f is certainly a
homomorphism F — F, with f/(0) = 1, and we have seen that log is the unique such homomorphism, so

f=1vo(f). 0

EXAMPLE 3.4.

(1) If F(z,y) = « + y is the additive FGL then logp(z) = .
(2) If F(z,y) =  + y + uzy is a multiplicative FGL then

logp(x) = log(l + ux)/u = Z(—u)kilxk/k‘.
k>0
(3) If F(z,y) = (z +y)/(1 + zy/c?) is the Lorentz FGL then

log () = tanh ™! (x/c) = glog <c+v> .
c—v

(4) Write Q( ) =1- 25362 + ex?, so we have a Jacobl formal group law F(z,y) = (z/Q(y) +

Y/ Q — ex?y?). The logarithm is then logp(z) = [, Q(¢)~1/2dt. This expressmn is called
an ellzptzc mtegml such things arise in the theory of planetary motlon, for example. The definition
of the logarithm gives the following transformation property of elliptic integrals:

/ / Flzy) gt
F \ﬁ o VR
(5) Consider a polynomial f(x) € Z[z] with f(z) = pr (mod z?) and f(z) = 2?" (mod p) for some

prime p and integer n > 0. In the Introduction we mentioned that Lubin-Tate theory gives a FGL
F over Z, with [p]p(z) = f(x). In Proposition we will show that

logp(z) = lim p=" f"(z).

(6) Let E be a 2-periodic generalised cohomology theory with a complex orientation in degree zero. We
then have a fundamental class [M] € E° for each stably almost complex manifold M. We also have
a canonical formal group law F over E°, and it turns out that logp(z) = >, [CPF|z*+1/(k +1).

4. Affine schemes

DEFINITION 4.1. A functor X from rings to sets is a rule which assigns to each ring R a set X(R), and
to each homomorphism a: R — R’ a map X(a): X(R) — X(R’), such that:
(1) fa: R— R and : R’ — R” then X(d/a) = X(o/) X (a): X(R) — X(R").
(2) If 1: R — R is the identity map, then X (1): X(R) — X (R) is the identity map.

EXAMPLE 4.2.



(1) Define X(R) = {(a,b) € R? | b* = a® — a} and X(a)(a,b) = (a(a),a(b)). This clearly gives a
functor. This is our version of the elliptic curve y? = 23 — .

(2) We have a functor FGL, which sends a ring R to the set FGL(R) of formal group laws over R.
For any ring map a: R — R’, we have an associated map FGL(«): FGL(R) — FGL(R'): If
F(z,y) = > ;50 ai;r'y? € FGL(R), then FGL(a)(F)(z,y) = 2 i j>0 a(a;j)z'y?. We normally
write oF rather than FGL(a)(F).

(3) Similarly, we have a functor RPS;, which sends a ring R to the set RPS;(R) of power series f € R[z]
such that f(x) = (mod 22?). The maps RPS(«) are again given by applying « to the coefficients.

(4) We have a functor A" defined by A"(R) = R™ = R x ... x R. This contains the subfunctor
&”(R) = Nil(R)". We also have a subfunctor G,, C Al defined by G,,,(R) = R*, the group of
units of R.

(5) We can define a functor T by T'(R) = R/2R.

(6) If X and Y are functors, then we can define a functor X x Y by (X xY)(R) = X(R) x Y(R) and
(X xY)(a) = X(a) x Y(a).

DEFINITION 4.3. A natural transformation (or just map) f: X — Y of functors is a rule which assigns
to each ring R a map fr: X(R) — Y(R). We require that for any map «: R — R’ of rings, the following
diagram must commute:

Y ()
EXAMPLE 4.4. (1) We can define a map f: A% — A2 by f(a,b,c) = (a® + be,c?). Tt is easy to
see that this gives a natural transformation. More generally, given any n-tuple of polynomials
f1,..., fn in variables z1,...,x,, over Z, we get a map f: A™ — A™ by

flay, .. am) = (fi(a), - -, fn(@)-

We will see later that these are all the maps from A™ to A”™.

(2) We have a map comp: RPS; x RPS; — RPS; defined by comp(f,g)(z) = f(g(z)). Using the
naturality of this, one can check that the inversion map inv: RPS; — RPS; (sending f to f~1!) is
also natural.

(3) We can define ¢r: RPS;(R) — FGL(R) by ¢r(f) = f~1(f(z) + f(y)), as in Corollary This
gives a map ¢: RPS; — FGL.

DEFINITION 4.5. For any ring A, we can define a functor spec(A) from rings to sets by
spec(A)(R) = Rings(4, R),
where Rings(A, R) denotes the set of ring homomorphisms from A to R. Given a homomorphism a: R — R/,

the associated map a. = spec(A)(a): Rings(A4, R) — Rings(A, R') is just a.(u) = aou. We say that a
functor X is an affine scheme if it is isomorphic to a functor of the form spec(A) for some A.

EXAMPLE 4.6. (1) Recall the functor G,,(R) = R*. Consider the ring A = Z[z, 2~ ] of Laurent

series over Z in one variable x. We claim that spec(A) ~ G,,. Given an element u € spec(A)(R)
(in other words, a map u: A — R) we define ¢(u) = u(x). Given v € G,,(R) = R*, we define
Y(v): A — R by ¥(v)(3, axz®) = 3, axv®. Tt is easy to check that these constructions give the
required bijection. Thus, G,, is an affine scheme.

(2) Similar arguments show that A™ = spec(Z[z1,...,x,]), so this is a scheme.

(3) Inside A?, we have the affine elliptic curve C' defined by C(R) = {(a,b) € R? | b*> = a® — a}. It is
easy to check that C' = spec(Z[z,y]/(y? — 23 + z)).

(4) Let 1 denote any one-point set. We then have

1 if every n > 0 is invertible in R

() otherwise.

spec(Q)(R) = {
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Similarly, we have
1 ifp=0inR
spec(Fp)(R) = {

®  otherwise.

(5) The functor T(R) = R/2R is not an affine scheme. Indeed, if X is an affine scheme then one
sees easily that the inclusion Z C Q gives an injective map X (Z) — X (Q), but clearly there is no
injection Z/27 — Q/2Q = {0}.

DEFINITION 4.7. For any functor X, we let Ox be the class of natural transformations from X to Al
In the cases of interest this will always be a set rather than a proper class. More explicitly, an element
f € Ox gives (for each ring R) a map f: X(R) — R, such that f(X(«a)(z)) = a(f(x)) for all z € X(R) and
a: R — R'. We can make Ox into a ring by defining (f + ¢)(z) = f(z) + g(x) and (fg)(z) = f(x)g(z) in
the usual way. It is called the ring of functions on X.

PROPOSITION 4.8 (The Yoneda Lemma). For any functor X and any ring A, the set of natural trans-
formations from spec(A) to X bijects with X (A).

PROOF. The basic point is that a natural map f: spec(A) — X is freely and uniquely determined by
its “universal example”, which is the element fa(14) € X(A4). We proceed to explain this more fully.
Write T for the set of natural transformations from spec(A4) to X. If f € T then we have a map

fr: Rings(4, R) = spec(A)(R) — X(R)

for each ring R. In particular, we have a map fa: Rings(A, A) — X(A), so we can define ¢(f) = fa(la) €
X(A). This gives us a map ¢: T — X (A). Next, suppose we have an element z € X(A). For any ring R
and any map u: A — R, we have a map X (u): X(A) = X(R), because X is a functor. We can thus define
gr(u) = X (u)(z). This construction gives a function

gr: spec(A)(R) = Rings(4, R) — X (R).

We claim that these maps give a natural transformation g: spec(A4) — R. If we have another map a: R — R’
of rings, we need to check that X («a)(gr(u)) = gr/ (. (u)). This is clear because

X()(gr(u) = X(a)(X(u)(z)) = X(au)(z) = gr (o« (u)).

Because the definition of g depended on z, it makes sense to write ¢ (x) = g. This gives amap ¢: X(A) — T.
We claim that this is inverse to ¢. Indeed, we have

p(P(x)) = ga(la) = X(14)(z) = =,

so ¢1p = 1. In the other direction, suppose that f € T, and define x = ¢(f) = fa(la), so that the map
g defined above is ¥(¢(x)). We need to show that ¢ = f. In other words, given a ring R and an element
u € spec(A)(R) = Rings(A4, R), we need to show that fr(u) = gr(u) = X(u)(z) = X(u)(fa(la)). For this,
we notice that u = u.(14), where

ux = spec(A)(u): spec(A)(A) — spec(A4)(R).

Because f is natural, we have
fr(u) = fr(us(14)) = X(u)(fa(1a))

as required. 0
COROLLARY 4.9. If A is any ring then Ogpec(a) = A.

PROOF. By definition, Ogpec(a) is the set of natural transformations from spec(A4) to A'. By the Yoneda
lemma, this bijects with Al(A) = A. O

COROLLARY 4.10. If X is a scheme then X is isomorphic to spec(Ox).

PROOF. By the definition of a scheme, X is isomorphic to spec(A) for some A, but the previous corollary
tells us that A ~ Ox, so X ~ spec(Ox). O

10



EXERCISE 4.11. Exhibit a map X — spec(Ox) which is defined naturally for all functors X, and is an
isomorphism when X is a scheme. (There are some set-theoretical problems here, but I suggest that you
just ignore them.)

COROLLARY 4.12. If A and B are rings then there is a canonical bijection between maps spec(A) —
spec(B) of schemes, and ring maps B — A.

ProoF. This is the case of Proposition in which X = spec(B). |

EXAMPLE 4.13. (1) We have A™ = spec(Z[z1,...,Tm]), so the Yoneda lemma tells us that maps
from A™ to A™ biject with elements of A™(Z[x1,...,2m]), or in other words with n-tuples of
polynomials in m variables. This proves that all maps A™ — A" are of the form considered in
Example

(2) We have maps 772E : Gy = Gy, defined by 7rki (a) = £a*. We claim that these are all the maps from
G to itself. To see this, note that Og,, = Z[u,u~!]. By the Yoneda lemma, we need only check
that the elements +u” are all the units in this ring, which is elementary.

(3) The functor RPS; is a scheme. Indeed, let A be the polynomial ring Z[bs,bs,...] in countably
many variables over Z. We have an element u(z) = 2+ Y, ., bpz® € RPS;(A), and by the Yoneda
Lemma this corresponds to a map spec(A) — RPS;. It is easy to see that this is an isomorphism.
Explicitly, for any reversible power series v(z) =z + ), cpx® over any ring R, there is a unique
homomorphism «: A — R sending b, to ¢ for all k, and thus sending u(z) to v(z).

(4) By a similar argument, we have RPS = spec(Z[b1, by, .. .][b] ']).

PROPOSITION 4.14. Let f and g be maps X — Y of affine schemes. Suppose that Ox is torsion-free,
and that fr = gr: X(R) — Y(R) whenever R is a Q-algebra. Then f = g.

PrOOF. The hypothesis is that for any Q-algebra R and any ring homomorphism u: Ox — R (corre-
sponding to a point in X (R)), the composites uo f*,uog*: Oy — R are the same. In particular, this applies
when R=Q® Ox and u: Ox - Q® Ox is just given by u(a) = 1 ® a. As Ox is torsion-free, this map u
is injective. Thus, the relation u o f* = u o g* gives f* = g* and so f = g. ]

EXERCISE 4.15. Show that spec(A® B) = spec(A) x spec(B), and thus that any finite product of schemes
is a scheme.

EXERCISE 4.16. Let E(R) be the set of 2 x 2-matrices M over R such that M2 = M. Show that
this defines an affine scheme, and investigate the structure of Og. You may want to consider the maps
eg,e2: E — Al given by eq(M) = det(1 — M) and ex(M) = det(M).

ProprosSITION 4.17. The functor FGL is an affine scheme.

PROOF. Let Ly = Z[a;; | i,j > 0] be a polynomial algebra over Z on countably many indeterminates
a;,j, one for each pair (i, j) of positive integers. Define Fo(z,y) =z +y+ >, ;ai;z'y’, and define elements
bijr € Lo by the equation

Fo(Fo(x,y),2) — Fo(z, Fo(y, 2)) = > bira'y’ 2"
i,k
Let I be the ideal in Ly generated by the elements a;; — a;; (for 4,5 > 0) and the elements b;;5, and put
L = Ly/I. Let F be the image of Fy in Lz,y]. It is clear that this is a formal group law over L. We
thus have a map spec(L)(R) = Rings(L, R) — FGL(R), sending « to aF. We claim that this is a natural
isomorphism. Indeed, let F’ be an FGL over R, say F'(z,y) = 2 +y + >, i~ aj;x'y’. There is then a
unique homomorphism «g: Ly — R such that ag(a;;) = a;j, so that agFy = F'. It follows that og(bijr)
is the coefficient of z'y/z*F in F'(F'(x,y),2) — F'(x, F'(y,2)), but this series is just zero because F' is a
formal group law. Thus ag(b;;x) = 0, and similarly ag(a;; — aj;) = 0, so there is a unique induced map
a: L =Ly/I — R with oF = F'. Thus, we have FGL = spec(L), as required. O

DEFINITION 4.18. The ring L = Opqy, is called the Lazard ring.

11



REMARK 4.19. In topology, it turns out that one can naturally identify FGL with spec(MU,) and RPS;
with spec(H,MU), in such a way that the Hurewicz map MU, — H,MU induces the map ¢: RPS; =
spec(H, MU) — spec(MU,) = FGL.

5. Base schemes and base change

We will often have a scheme X and want to consider other schemes equipped with a map to X, which
we refer to as schemes over X. Consider two functors V, W equipped with maps p: V — X and ¢: W — Z.
A map from V to W of schemes over X means a map f: V — W of schemes such that ¢qf = p.

LEMMA 5.1. Let X = spec(A) be a scheme. Then the following categories are equivalent:

(a) The category of schemes over X
(b) The opposite of the category of A-algebras
(c) The category of representable functors from A-algebras to sets.

PROOF. We have a contravariant equivalence between rings and schemes given by A < spec(A4), and
this clearly gives an equivalence between (a) and (b). Yoneda’s Lemma gives an equivalence between (b)
and (c). The resulting equivalence between (a) and (c) is as follows. An A-algebra is just a ring B equipped
with a ring map z*: A — B, or equivalently a point € X (B). Now suppose we have a scheme Y equipped
with a morphism p: Y — X, and an A-algebra (B, z). We then have pp: Y(B) — X (B) and z € X(B) so
pg {2z} CY(B). We define Y': Alg, — Sets by

Y'(B, ) = pp' {a}.
In the opposite direction, given a functor Y’: Alg, — Sets we define
Y(B) = {(z,y) |z € X(B) and y € Y'(B, )},
and we let p: Y(B) — X (B) be the evident projection. It is not hard to see that these constructions give
the required equivalence. (Il

EXAMPLE 5.2. Let X = spec(A) be a scheme, and let M be an A-module. We can define a functor

A'(M): Alg, — Sets by

A'(M)(B,z) = B®4 .+ M.
(In more detail, the right hand side is the tensor product of B and M over A, where we use the algebra
structure map x*: A — B to regard B as an A-module.) The corresponding functor from rings to sets is

AM)(B) ={(z,m) |z € X(B),m € A'(B,z)(M) = B®a . M}.
If M is a free A-module of rank d < co with dual module M*, then we can form the symmetric algebra

AM™) = P
n>0
We then have
Alg 4 (A[M*], B) = Homa(M*, B) = B®4 M = A'(M)(B).
Using this, we see that A(M) = spec(A[M*]). Also, a choice of basis for M gives an isomorphism A[M*] ~
Alxy,...,x4) of A-algebras, and thus an isomorphism A(M) = X x A%

DEFINITION 5.3. Consider again two functors V, W equipped with maps p: V — X and ¢: W — Z. We
define the pullback of V and W by

(V xx W)(R) = V(R) xx(r) W(R) = {(v,w) € V(R) x W(R) | p(v) = q(w)}.

We also write p*W for V x x W, considered as a scheme over V using the projection map (v, w) — v. Given
a ring A and two A-algebras B and C, one can check that

spec(B) Xgpec(a) spec(C) = spec(B @4 C).
It follows that when V', W and X are all affine schemes, the pullback is again an affine scheme, and we have
Ovxxw = Ov @0y Ow.
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DEFINITION 5.4. Let X be an affine scheme, and Y a functor equipped with a map p: ¥ — X. A
system of formal coordinates on Y is a collection of maps x1,...,2,: Y — Al such that the resulting map
a s (z1(a), ..., zn(a), pla)) gives an isomorphism Y — A™ x X. An n-dimensional formal scheme over X
is a functor which admits such a system of coordinates.

ExXAMPLE 5.5. Let M be any free module of rank n over A, and define &(M) Rings — Sets by
A(M)(B) = {(z,m) | x € X(B),m € Nil(B) @44+ M}.

Any choice of basis for M gives a system of formal coordinates, showing that &(M ) is an n-dimensional
formal scheme over X.

Let A be a ring, and f(x,y) a power series in Afx,y]. Write X = spec(A). Given a point u € X(R) (in
other words, a homomorphism u: A — R) we define a power series uf over R in the obvious way, and then
define R

Y(R) = {(u,2,y) € X(R) x A*(R) | (uf)(w,y) = 0}.
We would like to know when this is a formal scheme over X. For this, we need a formal version of the
implicit function theorem.

PROPOSITION 5.6. Let fo(x,y) denote the partial derivative of f with respect to the second variable. If
£(0,0) = 0 and f2(0,0) is a unit in A then the map (u,x,y) — (u,x) is an isomorphism Y ~ X x Al, and
thus Y is a one-dimensional formal scheme over X.

ProoF. We will construct a power series g(z) € A[z] such that g(0) = 0 and f(z, g(z)) = 0, by the usual
process of successive approximation. We start with go(z) = 0. Suppose we have constructed a polynomial
gr. of degree k such that gx(0) = 0 and f(z,gx(x)) = 0 (mod z**1), say f(z,gr(z)) = az®*! (mod z*+2).
We then have

£, gh() + b2"1) = f(z, gy(2)) + b2 fo(w, gr(2))  (mod a?+2),
but 24+ £y (2, g () = 24+ £5(0, 94(0)) = 241 £(0,0) (mod ##+2) so f(z, ge(a)+bak+1) = (a-tbf (0, 0))ah "
(mod x**+2). Thus, we must take gr1(z) = gr(z) — az®*1/£2(0,0). If we let g be the formal power series
such that g(z) = gx(x) (mod z**!) for all k, then we find that f(z,g(x)) = 0. We can thus define a map
¢: X x Al = Y by d(u,z) = (u,z, (ug)(x)). If we write 7w for the map (u,z,y) — (u,z) then clearly
w¢ = 1. Now consider the series h(z,z) = f(z,g(z) + z) € Az, 2]. We have h(z,0) = f(x,g(z)) =0, so
h(z,z) = zk(x, z) for some series k. Moreover, we have k(0,0) = f2(0,0), which is a unit in A, so k(z, z) is
a unit in Afz, z]. Now suppose that (u,z,y) € Y(R) for some ring R. Writing z = y — (ug)(x), we find that
(uh)(z,z) = (uf)(z,y) =0, so z (uk)(z,z) = 0 but k is invertible so (uk)(z,z) is invertible in R so z = 0.
This shows that y = (ug)(z), and thus that (u,z,y) = ¢n(u,z,y), so ¢ = 1. a

EXERCISE 5.7. Generalise this to cover more variables and more equations.

EXAMPLE 5.8. Take X = A', and let Z be the subfunctor of X x A? whose fibre over a point p € X (R)
is the set of pairs (a,b) such that (a? + b*)p = b. This should be thought of as a circle of diameter 1/p
which is tangent to the z-axis at the origin. Where p = 0 this degenerates to a straight line. Let Y(R) be
the subset where a and b are nilpotent. This should be thought of as an infinitesimal neighbourhood of the
origin in Z. It seems intuitively clear that the vertical projection should give an isomorphism of Y with an
infinitesimal neighbourhood of the origin in the xz-axis. The proposition gives us a rigorous formulation and
proof of this (take A = Z[p] and f(x,y) = (22 + y*)p — y).

EXAMPLE 5.9. Let A be a ring, suppose that a1, as, a3, aq,a¢ € A, and consider the standard homoge-
neous Weierstrass cubic

g(x,y,2) = y?2 + arwyz + asyz® — 13 — apx?z — ayx2® — ag2’.

This defines an elliptic curve C in the projective plane (provided that a certain expression A(ay, as, as, a4, ag)
is invertible; otherwise we have a “generalised elliptic curve”). We write X = spec(A). The formal completion
of C' is the functor C defined by

C(R) = {(u, 2, 2) € X(R) x A%(R) | (ug)(x,1,z) = 0}.
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If we define f(x,2) = g(z,1,2) then one checks easily that f(0,0) = 0 and f2(0,0) = 1 so Proposition
shows that C' is a one-dimensional formal scheme over X.

We now show that all maps between formal schemes over a fixed base are given by formal power series.

PROPOSITION 5.10. Let f: XxA™ — X xA™ be q map of formal schemes over X = spec(A). Then there
are unique formal power series fi,..., fm € Alx1,...,x,] such that for all rings R and all (u,ay,...,a,) €
X(R) x A"(R) we have

fluyar, ... an) = (u, (ufr)(ar, ..., an), ..., (wfm)(a, ..., an)).

Moreover, the elements f;(0,...,0) € A are nilpotent. C’onversely, given any m-tuple of series f; whose

constant terms are nilpotent, the above formula defines a map X X A" — X x A™ of formal schemes over
X.

PROOF. Write By = Alz1,...,2,]/(z¥,...,2%). Let uy be the obvious map A — By, considered as an
element of X (By). Let t; be the tuple (x1,...,2,), considered as an element of &”(Bk) We thus have
an element f(ug,ty) € X (By) x &m(Bk). As f is supposed to be a map of formal schemes over X, the
first component of f(ug,t;) must be ug. The remaining components are elements of Al (Bg), in other words
nilpotent elements of By. If b is an element of By with constant term by then it is clear that b — by lies in
the ideal (x1,...,2,) and each z; is nilpotent so b — by is nilpotent. Thus, b is nilpotent if and only if by is
nilpotent. It follows that there are polynomials fj 1,..., fk,m, of degree less than % in each of the variables
Z1,...,Tn, whose constant terms are nilpotent, such that f(ux,tx) = (uk, fx,1,- .-, fx,m). Now consider the
evident quotient map 7: Bgi1 — Bj. Clearly, the induced map X (Bj4+1) X &”(Bkﬂ) — X (Bg) % &"(Bk)
sends (ug+1,tk+1) to (ug,tx). As f is natural, we see that = must send f(ugy1,tk+1) to f(ug,tx), which
means that fyy1; = fi,; mod (z%,...2%) for all j. Thus, there are unique power series f; such that f; =
fr,; mod (2%, ..., 2F) for all k.

Now consider an arbitrary ring R and a point (u,a) = (u,a1,...,a,) € X(R) x A"(R). The elements
a; are nilpotent, so there is an integer k such that a? = 0 for all j. Let a: By — R be the unique ring
homomorphism such that a(a) = u(a) for a € A C By and a(z;) = a; for all j. It is clear that a sends
(ug,tr) € X(Br) X&”(Bk) to (u,a). As f is natural, we conclude that « sends f(uy, tk) = (uk, JRTI fk m)
to f(u,a). However, a sends f j to (ufx ;)(a1,. .., a,), which is the same as (uf;)(a1, . .., a,) because a¥ = 0

for all i. Thus, we have
flu,a) = (u, (ufr)(a), .., (ufm)(a))
as claimed. 0

DEFINITION 5.11. A formal group over an affine scheme X is a one-dimensional formal scheme G over
X (with projection map 7: G — X say), with a specified Abelian group structure on 7~ '{x} for each ring
R and point 2 € X(R). These structures are required to depend naturally on R. More precisely, we require
that addition in G' comes from a natural map o: G xx G — G, and that the map (: X — G (sending z to
the zero element in 7= '{x}) is also natural.

EXAMPLE 5.12. Define R
Gn(R)={ac€R|a=1 (mod Nil(R))}.

One checks that any a € G,,(R) is invertible. Indeed, if (1 — a)* = 0 then a~! = Zf 3(1 —a)’. Tt follows

that G, (R) is a group under multiplication. Moreover, the function x(a) = 1 — a gives an isomorphism
Gy ~ A, which shows that G,, is a formal group over spec(Z).

ExAMPLE 5.13. We can also define Ga(R) = Nil(R), with the usual addition. This is clearly a formal
group over spec(Z).

EXAMPLE 5.14. If F is a formal group law over A then we have a formal group Gp over X = spec(A)
defined by Gr = X x Al. If # € X(R) then x gives a map A — R, which we use to regard R as an A-algebra,

so we can define a+p b for a,b € A'(R) = 7~ {z}. This makes 7—'{z} into an Abelian group, and thus G
into a formal group, as required. The identity element is just 0. In the case F(z,y) = x + y — xy we have
an isomorphism G ~ G, of formal groups, given by a — 1 + a.

14



EXAMPLE 5.15. The formal scheme C of Example has a natural group structure. More precisely, we
have a map v: C' — C' given by
viu,z,z) = (u, —x/(1 + u(ar)x + u(as)z), —z/(1 + u(ar)z + u(as)z)).
We will often allow ourselves to abbreviate things like this as
v(z,z) = (—x/(1+ a1z + a3zz), —z/(1 + a1z + azz)).

The group structure is characterised by the following properties:

(a) The identity element is (0,0) (or in other words, ¢(u) = (u,0,0)).

(b) The negation map is —(z, z) = v(z, 2).

(¢) If (z0,20) + (w1, 21) + (22, 22) = (0,0) then the following determinant vanishes:

Xo 1 z0
X1 1 21 =0.
X9 1 z9

Informally, this means that the points (zg, z0), (%1, 21) and (a2, 29) are collinear.

ExXAMPLE 5.16. Let E be a 2-periodic complex orientable generalised cohomology theory. Write X =
spec(EY), and let G(R) be the set of ring homomorphisms E°CP> — R that factor through E°CP* for
some finite k. One can choose an element z such that E°CP> = E°[z] and E°CP* = E°[z]/2**!, and
using this we see that G is a formal group over X.

DEFINITION 5.17. Let G be a formal group over a scheme X, with projection 7: G — X and zero-section
¢: X = G. A normalised coordinate on G is a coordinate z such that z(0) = 0.

PROPOSITION 5.18. Let G be a formal group over a scheme X. Then G admits a normalised coordinate
z. Moreover, for any such coordinate, there is a unique formal group law F(z,y) =3, ; a;;x'y) € FGL(Ox)
with the following property. For any ring R, any t € X(R), and any u,v € G(R) with w(u) = w(v) = a, we

have
z(u+v) = Z aj(t)z(u) z(v)’.

(We will allow ourselves to write this as x(u +v) = F(z(u), z(v)).)

PRrOOF. First let xg be an arbitrary coordinate, and put x = xg — (xg 0 { o 7), or less formally x =
xo — zo(0). It is easy to check that x is a normalised coordinate. Consider the function f(u,v) = z(u + v),
so f € Ogxyxa- We see from Proposition that Ogxya = Ox|[2’,2"], where z'(a,b) = z(a) and
2" (a,b) = x(b). Tt follows that there is a unique formal power series F such that x(u + v) = F(z(u), z(v)).
As z(0) = 0, we find that F(0,z(v)) = xz(v). As the group structure of G is commutative and associative,
we see that F' is formally commutative and associative, so it is a formal group law as claimed. O

DEFINITION 5.19. An additive coordinate on G is a coordinate z with the property that x(u + v) =
z(u) + x(v) for all (u,v) € G xx G. Equivalently, if p: G — X is the given projection, then the map
u+— (p(u), z(u)) must give an isomorphism G — X x G, of formal groups over X.

ProrosiTION 5.20. If Ox is a Q-algebra, then G has an additive coordinate. Moreover, if x and y are
two additive coordinates, then there is an invertible element m € O% such that y = mx.

PROOF. Let ¢ be any normalised coordinate, and let F' be the formal group law such that t(u + v) =
F(t(u),t(v)). Proposition gives us a reversible power series f(t) € Ox|[t] such that f(F(s,t)) = f(s) +
f(t). This means that the element = f(¢) is an additive coordinate. Now let y be another additive
coordinate. As x is a coordinate, we must have y = >, m;a® for some sequence of coefficients m; € Ox.
As y is also a coordinate, we see that m; must be invertible. As both z and y are additive, we must have

D omile(w) +2(©) = mia(u+v)) = ylu+v) =y(w) +yv) =Y mi(@w) +z(v)).
We now expand out the left hand side and note that all the resulting binomial coefficients are invertible in
@ and thus in Ox. We conclude that m; =0 for ¢ > 1, so y = myx as required. O
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6. The symmetric cocycle lemma

We now start working towards Lazard’s classification of formal group laws.

DEFINITION 6.1. Let L = Opqr, be the Lazard ring, and let a;; € L be the coefficient of z'y7 in the
universal formal group law over L. Let e: L — Z correspond to the additive formal group law = + y under
the isomorphism Hom(L,Z) = FGL(Z), so that €(a;;) = 0 when i 4+ j > 1. Write I = ker(¢) < L.

The main work is to determine the structure of the Abelian group I/I2. For this, we need the notion of
a symmetric 2-cocycle.

DEFINITION 6.2. Let A be an Abelian group, and let Az, y] denote the group of formal power series of
the form Zi,j>0 a;jx'y’ with a;; € A. This is not naturally a ring unless A is a ring, but this will not matter
for our purposes here.

A symmetric 2-cocycle with coefficients in A is a power series f(z,y) € Afz,y] such that f(z,y) = f(y, z)
and f(x,0) =0 and

fy,2) = fle+y,2) + fle,y+2) - flz,y) =0.

We write Z(A) for the set of such f’s. We also write Z;(A) for the subset consisting of homogeneous
polynomials of degree d, so that Z(A) = [[,-, Za(A). (It is easy to check that Zy(A) = Z1(A) = 0.)

PROPOSITION 6.3. There is a natural isomorphism Z(A) = Hom(I/I?, A), for all Abelian groups A.

PROOF. Write R = Z ® A, and make this into a ring by defining (n,a).(m,b) = (nm,nb + ma). Then
the projection map 7: R — Z is a ring homomorphism, the kernel is A (which is thus an ideal in R), and
A% = 0. Let Y (A) be the set of formal group laws F over R such that (7F)(z,y) = x + y. This means that
F(z,y) =z +y+ f(z,y) for some f(x,y) € Afz,y]. The conditions F(z,0) = z and F(z,y) = F(y,z) are
equivalent to f(z,0) =0 and f(z,y) = f(y,x). Next, we have

F(F(z,y),2) =z +y+z+ flz,y) + fle+y+ f(2,y),2).

Because f has coefficients in A and A? = 0, we see that the last term is the same as f(x +y, z). Given this,
the associativity condition F(x, F(y, z)) = F(F(x,y),2) is just f(z,y) + f(x +y,2) = f(y,2) + f(z,y + 2),
which is equivalent to the cocycle condition. Thus, the map F + f gives a bijection Y (A) = Z(A).

On the other hand, formal group laws F' over R biject with ring maps a: L — R. We clearly have
(nF)(z,y) = z + y if and only if Ta(I) = 0, or equivalently a(I) < A. If so, then a(I?) < A% = 0, so «
induces a homomorphism /1% — A. One checks easily that this gives a bijection Y (A) = Hom(I/I?, A), as
required. ([l

LEMMA 6.4. We have (z + y)? = 2P 4+ y? (mod p).

PROOF. Suppose that 0 < k < p. Then k! is a product of integers that are strictly less than p, so k! is
not divisible by p. Similarly, (p — k)! is not divisible by p. However, kl(p — k)! (}) = p! is divisible by p, so
the binomial coefficient (}) must be divisible by p. Thus (z + y)? = 2P + y? + Ei;} (Pyakyp=F = 2P 4 yP
(mod p). O

We take this opportunity to prove another result in a similar spirit, although we will not it need until
much later.

LEMMA 6.5. Let k be a positive integer, given in base p by k = ), kip® with k; € {0,...,p —1}. Let
vp(m) denote the largest j such that p’ divides m. Then
k=3 ki < k— 1.
p—1 “p-1

vp(k!) =

Proor. Put
V={(,5)|1<j<kand1<iandp’ divides j}.
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We then have v, (k!) = Zf 10p(j) = [V]. On the other hand, we also have [V| =", ,[k/p']. In terms of

the base p expansion, we have |k/p’| = Zm>i Emp™ ™%, so

|V| — szmlf Zk me i kap;ni_ll _ kpzikz
m

i>0 m>i m

We have assumed that k> 0so ). k; > 1 so we also have |[V| < (k—1)/(p—1). O
LEMMA 6.6. We have (z +1)? = 2% +y¢ (mod p) if and only if d is a power of p.

PROOF. If d = p* then we see from Lemma and induction on k that (z +y)¢ = 2%+ y¢ (mod p). If
d is not a power of p then we can write d = p*e for some k and e, where e > 1 and p does not divide e. We
thus have

(X 4+Y) =X +eX 'Y+, . +Y*4£X°+Y® (mod p).
It follows that
k k
(x+y)? =" +y? ) #a?+y? (mod p),

as claimed. 0

DEFINITION 6.7. Let d be an integer greater than 1. If d is a power of a prime number p, then we define

v(d) = p; otherwise, we define v(d) = 1. We also define
d—1

ba(z,y) = (z+y)! —a? =yt =" () aly?,

i=1
and cq(z,y) = ba(z,y)/v(d). It follows from Lemma [6.6] that c4(z,y) € Z[z,y]. One can check directly that
cq(z,y) is a symmetric cocycle, so ¢q € Z4(Z). For any A, we define ¢p4: A — Z4(A) by da(a) = acq(z,y).

EXERCISE 6.8. Show that if ®4(x) is the d’th cyclotomic polynomial (so that 2™ — 1 = [],, ®a(z) for
all n > 0) then v(d) = ®4(1). It would be nice to give an alternate approach to the results of this section
based on this fact, but I have not managed to find one.

PROPOSITION 6.9. The map ¢pa: A — Z4(A) is always an isomorphism.
This will be proved at the end of the section.
LEMMA 6.10. Ifa =b (mod p’) (with j > 0) then a?’ =" (mod p**) for all k > 0.

PRrROOF. We can reduce by induction to the case k = 1. We have a = b + p’c for some c, so
p—1
a? — b = Z(f)pijbicj + pPicP.
i=1
All the binomial coeflicients are divisible by p (by the proof of Lemma and pj > 7+ 1 so the right hand
side is zero mod p*!, as required. O

LEMMA 6.11. If p is prime and k > 0 then
cprir(T,Y) = cp(:chk,ypk) #0 (mod p).

ProOOF. We have seen that (z + y)pk = a?" 4" (mod p), so Lemma tells us that (z + y)pk+1 =
(xpk + ypk)p (mod p?). The left hand side is a?" gt + pepr+1 (2, y), and the right hand side is 4
Pt —i—pcp(acpk,ypk)7 so we conclude that pc,r+i(z,y) = pcp(x”k,ypk) (mod p?), 80 cprr (T, y) = cp(xpk,y”k)
(mod p). We have ¢, (X,Y) = > 7_ 1 k(,p @ 1,); XFyP=k and the coefficients here are built from numbers strictly
less than p so they are nonzero mod p. It follows that cp(mpk,ypk) # 0 (mod p) as claimed. O

-1 _
EXERCISE 6.12. Show that c,(z,y) = — Y 7_,(—2)*y?~*/k (mod p).
COROLLARY 6.13. For each d > 1, the greatest common divisor of the coefficients of cq(x,y) is 1.
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PROOF. It is equivalent to say that there is no prime p such that ¢; = 0 (mod p). Suppose that such a
prime p exists. Then clearly by = 0 (mod pi, so (z+y)% = 2% +y? (mod p). Thus, Lemma tells us that

d = pF*1 for some k > 0, but then Lemma tells us that c4(z,y) # 0 (mod p), a contradiction. O
LEMMA 6.14. Let uq,...,u, be positive integers, and put d; = ged(u;, ..., u,), sody | do |-+ |d.. Then
there is a unique list of integers aq, ..., a, such that

(a) Zi a;U; = d1
(b) For1<i<r wehave0 < a; < d;y1/d;.

PRrROOF. Put o} = a;/d; and d} = d;11/d;. As ged(a;,di+1) = d; we see that a and d} are coprime.
Now define f: Z x Z — Z by f(s,t) = sa} + td,. We find that this is a surjective homomorphism with
kernel generated by (d}, —a}). It follows easily that if we put U; = {0,1,...,d; — 1}, then f; gives a bijection
U; x Z — 7. Now define g;: Z x D;y1 — D; by g;(s,t) = sa; + t, or equivalently g;(s,td;11) = fi(s,t)d;.
We find that this gives a bijection g;: U; X D;41 — D;. By combining ¢, ..., g-—1, we get a bijection

g: Uy xUs x -+ xUp._1 XD, — D7.

Note also that d,, = u, and so D, = Zu,. Thus, the element g~!(d;) will have the form (a1, ...,a,_1, a,u,)
for some integers a;, and these have the claimed properties (a) and (b). O

DEFINITION 6.15. We let Ag; be the unique system of integers (defined for 0 < ¢ < d) such that

d—1
> A () fr(d) = 1

and the auxiliary inequalities in Lemma are satisfied. We also define a map m4: Z4(A) — A by

d—1
WA(Z aixiyd_i) = Z )\diai.
=1 i

REMARK 6.16. We use Lemma solely because we have an aesthetic preference for a fully specified
set of coefficients. Any other system of coefficients with Y. Ay (¢) = v(d) would work just as well.

LEMMA 6.17. We have mapqg = 1: A — A for all A and all d > 1. Thus, ¢4 is always a split
monomorphism.

ProoF. This is clear from the definitions and the choice of the \’s. O

LEMMA 6.18. Z4(A) is the set of polynomials f(x,y) = 221:—11 a;x'y?" with a; € A such that a; = aq_;

and
(iaj)ai-‘rj = (J7d —i— J)CL’L
whenever i >0 and j >0 and i+ j < d. (Here (i,7) = (i + j)!/ilj!.)
ProoOF. Just expand everything out. ]

LEMMA 6.19. If A is a vector space over Q then the map ¢pa: A — Z4(A) is an isomorphism for all
d > 1, with inverse m4.

PROOF. Define ¢: Zy(A) — A by (f) = v(d)ai/d (where f(z,y) = >, a;z'y?™"). It is easy to check
that ¥(cq) = 1, so that ¥)¢p4 = 1. We next claim that 1 is injective. Indeed, suppose that ¥ (f) = 0, so that
a; = 0. The case j =1 in Lemma gives a;11 = (d —)a;/(i + 1), so we see inductively that a; = 0 for
all i so f = 0 as required. We have seen that ¢ = 1 so Y¢pp = 1 but ¥ is injective so ¢p = 1. Thus ¢ is
an isomorphism as claimed. We know that m4¢4 = 1, so we must have m4 = ¢ = qb;ll. O

COROLLARY 6.20. If A is a torsion-free Abelian group then the map ¢pa: A — Z4(A) is an isomorphism
foralld > 1.

PrOOF. Write A’ = Q ® A; because A is torsion-free we have A < A’. Tt is easy to see that Z4(A) =
Alz,y] N Zg(A’), and we know that ¢4 is an isomorphism by the lemma. It thus suffices to check that if
a € A and ¢a/(a) € Alx,y] then a € A. This is clear because a = w4 ¢ 4s(a) and w4 sends Z4(A) to A by
construction. ]
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LEMMA 6.21. Let A be a vector space over Z/p and suppose that f € Zq(A). Write fao(x,y) for the partial
derivative of f with respect to the second variable and suppose that fao(x,0) = 0. Then f(x,y) = g(aP,y?)
for some g € Zy;,(A), which means that f = 0 if d is not divisible by p.

PrOOF. We have the cocycle identity

f(:%z) _f($+y7z) +f(:c,y+z) — f(z,y) = 0.

If we differentiate with respect to z at z = 0 we obtain fa(y,0) — fo(x +y,0) + fo(x,y) = 0. As fa(x,0) =0,
we conclude that fo(y, 0) = fo(z +y,0) = 0 and thus fo(z,y) = 0. If f(z,y) = >, ,_4ai;z'y’ then
folz,y) = Ziﬂ-:djaija:’y]_l so we conclude that a;; = 0 unless p divides j. As a;; = aj; we see that a;; =0
unless p divides both ¢ and j. If p does not divide d, we see that a;; = 0 for all ¢, j and thus that f = 0. If p
does divide d we see that f(z,y) = g(zP,y?) for some homogeneous symmetric polynomial g of degree d/p.
As (z+y)? = 2P + y? (mod p) we see that g(y?, zP) — g(aP + yP, 2P) + g(zP, y? + 2P) — g(zP,yP) = 0, and it
follows that g(Y,Z) —g(X +Y,2) + g(X,Y + Z) —g(X,Y) =0€ A[X,Y, Z], 50 g € Z,,(A). O

LEMMA 6.22. Let A be a vector space over Z/p. Suppose that p divides d but that d is not a power of p.
Then if f € Z4(A) we have f(x,y) = g(xP,yP) for some g € Zg;,(A).

PROOF. Because f is homogeneous of degree d and dA = 0 we have x f1 (z,y) + yfo(x,y) = df (x,y) = 0.
Write h(z) = xfa(x,0). As f(x,y) = f(y,z) we also have h(x) = xf1(0,z). If we differentiate the cocycle
identity with respect to z at z = 0 we obtain

f2(y,0) = fa(z +9,0) + fa(z,y) = 0.

If we exchange x and y and then use the symmetry of f we obtain

fl(va) - f2(.73 + y,O) + fl(xvy) =0.
We now multiply these two equations by y and x respectively, and add them together using the relation
xf1 +yf2 = 0. This gives h(z +y) = h(z) + h(y). Moreover, it is clear that g is homogeneous of degree d,
say h(z) = az? for some a € A. It follows that (¢)a =0 for 0 < i < d, and d is not a power of p so we must
have a = 0. Thus fa(x,0) = 0, and the conclusion follows from Lemma O

LEMMA 6.23. Let A be a vector space over Z/p. If d = p* > p and f € Z4(A) then we have f(z,y) =
g(xP, yP) for some g € Zqsp(x,y).

PRrROOF. Write f(z,y) = Zfz_ll a;x'y?". If we apply Lemma with 4 = 1 and § = p — 1 we find that

(p::f) ay = pa, = 0. On the other hand, we have

p—1 &
k_q - P —t
(pp—l ) o H t

t=1

which is easily seen to be nonzero mod p. It follows that a; = 0, so fa(x,0) = a;2%~! = 0, and the conclusion

again follows from Lemma [6.21 O
EXERCISE 6.24. Give another proof of Lemma along the same lines as that of Lemma
LEMMA 6.25. The map ¢z/p.q: Z/p — Za(Z/p) is an isomorphism for all primes p and all d > 1.

PROOF. We have seen that ¢4 is a split monomorphism for all A, so it suffices to show either that ¢z,
is surjective, or that Z4(Z/p) has dimension at most one over Z/p. First suppose that d is not divisible by
p. Then for any f € Z4(Z/p) we have fa(x,0) = a;z%~! for some a; € Z/p and it follows from Lemma
that the map f ~ a1 gives an injection Zq(Z/p) — Z/p, so ¢z/p,q is an isomorphism. Now consider the case
d = p. Again, if a; = 0 we see that f(z,y) = g(zP,yP) for some g € Z1(Z/p), but Z1(A) = 0 for all A by
easy arguments, so f = 0. It follows as before that ¢/, ,, is an isomorphism.

Now suppose that d > p is divisible by p. We can then write d = p*e for some k > 0 and e > 1 with
either e = p or e # 0 (mod p). By repeatedly applying Lemma we find that f(z,y) = g(zpk,ypk) for
some g € Z.(Z/p). Tt follows that the map g — g(xpk,ypk) gives a surjection from Z, to Zg, and we know
that Z, ~ Z/p, so Z4 has dimension at most one, so ¢z, 4 is an isomorphism. O

19



LEMMA 6.26. The map ¢z, Z/p* — Z4(Z)p*) is an isomorphism for all k >0 and d > 1.

PROOF. We argue by induction, using the previous lemma for the case ¥ = 1. Suppose that f €
Z4(Z./p**1). By the inductive hypothesis applied to the image of f in Z4(Z/p*), we see that there exists
a € Z/p**t1 such that f—¢(a) = 0 (mod p*), say f = ¢(a)+p*g for some g. The polynomial g is well-defined
mod p, and it is easy to check that it gives an element of Z;(Z/p). Thus, by the case k = 1, we see that
g = &(b) for some ¢ € Z/p, and thus f = ¢(a + p*b). This shows that ¢ is surjective, and we have already
seen that it is injective. O

PROOF OF PROPOSITION [6.91 We know from Corollary [6.20and Lemma[6.26] that ¢ 4 is an isomorphism
when A = 7Z or A = 7Z/p*. Any finitely generated Abelian group can be written as a direct sum of groups
of these types, and it is easy to see that Z4(A ® B) = Z4(A) ® Z4(B), so we see that ¢4 is an isomorphism
whenever A is finitely generated. Now let A be a general Abelian group, and suppose that f € Z;(A). Let
B be the subgroup of A generated by the coefficients of f, so that B is finitely generated and f € Z4(B).
As ¢p is an isomorphism, we have some b € B < A such that f = ¢g(b) = da(b). Thus, ¢4 is surjective,
and we also know from Lemma [6.17] that it is injective. O

7. The structure of the Lazard ring

Recall the Lazard ring L = Opgr constructed in the proof of Proposition In this section, we
investigate the structure of L. In principle, this gives a classification of all formal group laws.

DEFINITION 7.1. Fix integers Ay; as in definition and write aqg = Zle Aditid—i € L.

THEOREM 7.2. The Lazard ring L is a polynomial algebra over Z on the generators aq for d > 1. In
other words, we have
L= Z[ag, as, a4, . . ]

This will be proved at the end of this section.
It is technically convenient in the proof to regard L as a graded ring, so we pause to explain some basic
ideas about gradings.

DEFINITION 7.3. A grading on a ring R is a sequence of additive subgroups Ry for k € Z such that
1 € Ry and RiR; C Riyj and R = @, Ry. If a € Ry, for some k then we say that a is a homogeneous
element of degree k.

DEFINITION 7.4. Recall that we have an affine scheme G, defined by G,,(R) = R*. An action of Gy,
on a scheme X is a map of schemes a: G, x X — X such that «(1,z) =z and a(u, a(v,z)) = a(uv, z) for
all rings R and all x € X(R) and u,v € R*. We will often write w.z rather than a(u,x).

EXAMPLE 7.5. We have an action of G,, on RPS; by (u.f)(z) = u~!f(ux). We also have an action of
G on FGL by (u.F)(z,y) = u ' F(uz, uy).

PROPOSITION 7.6. An action of G, on an affine scheme X = spec(A) gives a grading of Ox = A.

PROOF. Recall that A = Ox can be seen as the set of natural maps f: X — Al. We let A; be the
set of those maps that satisfy f(u.x) = u*f(z) (for all rings R and all # € X(R) and u € R*). It is clear
that Ay is an additive subgroup of A, that 1 € Ay and that A;A; < A;;. Thus, it suffices to check that
A =P, Ay. Suppose that f € A. We then have a map g: G,, x X — A given by g(u,x) = f(u.z). This is
an element of the ring

Ogmxx = OG,” ®0x = Z[u, u_l] QA= A[u, u_l].
There are thus unique elements f;, € A for k € Z such that ¢ = Y, uF f;, or in other words f(u.z) =
Yoy uFfe(z) for all x and u. If f = f; then clearly f € Ay. Conversely, if f € Ay then we can get a
decomposition of the type described by taking fi = f and f; = 0 for all j # k, and by assumption there is
only one such decomposition. Thus, we have f € Ay iff f = fr. Moreover, the associativity of the action
gives

Dot fi(e) = f(wo).a) = flu(v.a) =Y u'v! fiy(2).
k i,
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By the same argument that gives the uniqueness of the f;’s, we can conclude that fr = fik, so fr € Ag.
Moreover, we have f(z) = f(l.z) = >, fu(z), so f = >, fr. This shows that A = >, Ay, and the
uniqueness of the fi’s shows that the sum is direct. Thus, we have a grading on A. ]

ExXAMPLE 7.7. Our action of G,, on FGL gives a grading of the Lazard ring L. For any formal group
law F' we have F(z,y) = & +y + >, ;50 aij(F)2'y’, so (u.F)(z,y) = = +y + >, jsou 7 ay (F)a'y?,
so ai;(u.F) = u”-j_laij(F), so a;j € Ljpj—1. It follows that a; € Li_;. Note that L is a quotient of
the polynomial ring generated by the elements a;;. These all have strictly positive degree, and for any
integer d there are only finitely many generators a;; whose degree is less than d. It follows easily that each
homogeneous piece Ly is a finitely generated Abelian group. It is this finiteness property that makes the
grading useful for us.

LEMMA 7.8. There are elements by € Q ® Li_1 for k > 0 such that by =1 and Q ® L = Q[ba, b3, .. .].

PROOF. Let M be the ring Z[by, b3, . ..], so we claim that Q ® L ~ Q® M. As we saw in Example
we can identify RPS; with spec(M). We now want to describe spec(Q ® M). Notice that if every integer
n # 0 becomes invertible in R then there is a unique homomorphism Q — R, and in any other case there are
no homomorphisms Q — R. It follows that spec(Q ® M)(R) is RPS; (R) if R admits a Q-algebra structure,
and () otherwise. We have a similar description of spec(Q ® L) in terms of spec(L) = FGL, so we conclude
that the map ¢ in Corollary induces an isomorphism spec(Q ® M) ~ spec(Q ® L). As maps between
schemes biject with maps between rings in the opposite direction (Corollary we conclude that there is
an isomorphism ¢*: Q ® L ~ Q ® M. If we let G,, act on RPS; and FGL as in Example then one can
check that ¢(u.f) = w.¢(f) and thus that ¢*(Lg) < M. One can also see that by € My_1, so the preimage
of b, in Q® L lies in Ly_1. This proves the lemma.

We can be a little more explicit if desired: under the various implicit identifications, the element by €
Q ® L is just the coefficient of ¥ in the logarithm of the universal formal group law F over L. The map
¢*: L — M is the unique map that sends F to f~'(f(z) + f(y)), where f(z) =z + >, .o bxa* € M[z]. O

DEFINITION 7.9. Recall that I is the kernel of the map L — Z that sends a;; to 0 when ¢+ j > 1. It is
easy to check that I = @, ., L. We also write @ = I/I?, and Qq for the part of Q in degree d, which is
just

d—1
Qa = La/ Z LyLa—p.
k=1
LEMMA 7.10. For each d > 1, the group Qq_1 is freely generated by ag.

Proor. We know from Proposition that Z(A) = Hom(Q, A), and one can deduce easily that
Zq-1(A) = Hom(Qg4—1,A4). We also know that the map mg_1: Z4_1(4) — A is an isomorphism. If we
identify Zg_1(A) with Hom(Q4—1, A), then this becomes the map « +— «(ay). As this is an isomorphism, we

conclude that Q41 is freely generated by aq. |
PRrOOF OF THEOREM [.2l Let L’ be the polynomial ring Z[a}, a}, . ..], and define a map ¢: L' — L by

¢(a)) = ap. There is a unique grading on L’ such that a) is homogeneous of degree k — 1 for all k, and
if we use this then ¢(L}) < Ly for all k. We now let I’ be the ideal generated by {a} | k¥ > 1}, so that
I' = @,. L}, and we put Q' = I’/(I")?. This is the direct sum of its homogeneous pieces @/, and it is
easy to see that @ is isomorphic to Z, freely generated by aj, ,. It follows easily that the induced map
¢: I'/(I')> — I/I? is an isomorphism, and thus that I = ¢(I’) + I?. We now claim that ¢: L, — Lg4 is
surjective for all d. Indeed, this is clear for d = 0. Suppose that it holds for degrees less than d, where d > 0.
If a € Ly then a € I so we have a = ¢(b) + ¢ for some b € I’ and ¢ € % = Z?:_ll L;Ly_;. By induction we
know that ¢: L, — L; is surjective for 0 < i < d and it follows that ¢ is in the image of ¢, and thus that
a is in the image of ¢. This shows that ¢ is surjective. Next, consider the induced map Q @ L' — Q® L.
It follows from the above that this is again surjective. On the other hand, we know from Lemma that
Q®L ~ Q[bs, bs, . . .|, with by, homogeneous of degree k—1. It follows that Q® L/, and Q® Lq have the same,
finite, dimension as vector spaces over Q. As ¢: Q ® L), = Q ® Ly is surjective, we conclude easily that it
must be an isomorphism. On the other hand, L/, is a free Abelian group, so the evident map L), - Q ® L/,
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is injective. If a € L/, satisfies ¢(a) = 0 € Ly then the image under the composite L/, - Q ® L, 2, Q® Ly
is also zero, but this composite is injective so a = 0. It follows that ¢: L' — L is injective. We have already
seen that it is surjective, so it is an isomorphism as required. ]

8. The Functional Equation Lemma

The functional equation lemma gives sufficient conditions under which a formal group law defined over
a ring of the form Q ® R is actually defined over R. We shall not formally state the lemma, but we will
prove two results that implicitly use it.

PROPOSITION 8.1. Let p be a prime, and let n > 0 be an integer. Define l(z) = 3,5, :vpnk/pk and
F(z,y) =17Y(I(z) + (y)). Then F is a formal group law over Z.

PROOF. It is clear that F' is a formal group law over Q, so it will be enough to show that it is integral,
in other words that the coefficients lie in Z. This is true mod (z,y)?, because F(x,y) = z+y (mod (x,%)?).
Suppose that F is integral mod (z,y)?; it will be enough to deduce that it is integral mod (x,y)?*!. Write
Ry = Z[z,y]/(z,y) and R = Q ® Ry = Q[z,y]/(z,y)?*L. Write ¢ = p™ and let ¥ be the unique ring
map from R to itself that sends x to ¢ and y to y9. From now on we work in R. Because F' is integral mod
(x,9)%, we can write F' = A+ B where A € Ry and B is homogeneous of degree d. Moreover, A actually lies
in the ideal generated by = and y, so AB = 2B = yB = B? = 0. We make the following claims:

(a) l(x)+1l(y) =1(A+ B)=1(A) + B.
(b) U(z) =z + (=) /p.
(©) D)) = 1(x?) + (7).
(d) If u,v € Ry and w — v € pRy then I(u) — [(v) € pRy (although usually i(u),(v) € Ro).
(e) ¥(A) — AT € pRo.
(f) ¥(I(A))/p —I(A?)/p € Ro.

For claim (a), we note that F = A+ B and [(z) + I(y) = I(F) by the definition of F. If we expand out
(A + B) using the fact that AB = B? = 0, we get [(A) + B as claimed. For claim (b), we recall that [(z) =
> k>0 2P /p¥; the k = 0 term is just =, and the sum of the remaining terms is /(z?)/p. We next note that
¥(B) = 0 (because B is homogeneous of degree d). Thus, if we apply the homomorphism % to equation (a) we
get claim (c). For claim (d), we use Lemma m to deduce that u?"" = v?"" (mod p™**1Ry) and the result
follows easily. For (e), we observe that ¢ induces an endomorphism v of Ry = Ro/pRo = Fp[z,y]/(z,y)4 .
We also have an iterated Frobenius endomorphism ¢™: Ry — Rg, and these two endomorphisms have the
same effect on the generators x and y, so they must be the same. By applying them to A we see that
P(A) = A? (mod pRy) as claimed. Claim (f) follows immediately from (d) and (e).

We now have

A

@S 3—‘48

B = I(z) +U(y) - I(4)

(z+y—A)+ (=) + 1yT) —1(A7))/p
(z+y—A) + (®((A) - 1(A")/p
€ Ro.
Indeed, the four lines above come from claims (a), (b), (c¢) and (f) respectively. This proves that B is integral,
so F is integral mod (z,y)%*!, as required. O

We now use similar methods to construct a more complicated formal group law that is p-locally universal,
in a sense that we will not make precise here.

DEFINITION 8.2. Let B be the ring Z[vq,vs,...], and let ¢o: B — B be the ring map that sends vy, to v}
for all k. There is a unique way to extend this to an endomorphism of B[z, y] sending = to P and y to y?;
we again write ¢ for the extended map.

Now consider a sequence I = (i1,...,%,) of strictly positive integers. We write |I| = r and ||I]| =
i1+ ...+ i.. We also write m; = Hs<tpib' and vy = t 1 1 . We define

i)=Y v Jpll.
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Here the sum runs over all such sequences, including the empty sequence, with ||}]] = || = 0 and vy = 1.
Finally, we write

F(z,y) =17 (Uz) +U(y) € (Q® B)[z,y]-
PRrOPOSITION 8.3. The series F' defined above is a formal group law over B.

PRrROOF. Every nonempty sequence I can be written in the form 4.J for some 7 > 0 and some possibly
empty sequence J. One checks that |[I| =1+ |J| and |[I|| =i+ ||J| and vy = vivgl = vt (vy). Tt follows
easily that

(o) =z + Y v ”)/p.
i>0
The rest of the proof is much the same as that of Proposition except that we use the above equation in
place of the equation I(z) = x + I(z9) /p. O

9. The Frobenius map

In the next section, we will study formal group laws over [Fj-algebras, or equivalently rings R in which
p = 0. As preparation for this, we need some generalities about schemes of the form spec(R) for such rings
R. These are of course just the schemes over spec(Fp).

DErINITION 9.1. If R is an [Fp-algebra, then we have a ring map ¢ = ¢r: a — a” from R to itself,
called the algebraic Frobenius map. It is clear that if f: R — R’ is a map of rings, then f(a?) = f(a)?, so
for = dr f, so the following diagram commutes:

R-"ELR

| Is
R —— R
b

This means that ¢ is a natural transformation from the identity functor to itself.

DEFINITION 9.2. Let X be a functor with a map X — spec(F, ), which just means that X (R) = (0 if p # 0
in R. We then define a map Fx: X — X by (Fx)r = X(¢r): X(R) — X(R). We call this the geometric
Frobenius map. If f: X — Y is a map of functors over spec(F,), we check easily (using the naturality of fr
with respect to maps of R) that the following diagram commutes:

x 2, x

| |s

YTy>Y.

PROPOSITION 9.3. Let X be a functor over spec(F)).
(1) If x € X(R) and f € Ox then f(Fx(x)) = f(x)P.
(2) If X =spec(A), then Fx = spec(¢4).

PROOF. The first claim follows by regarding f as a map X — A! and using the naturality of F'. For the
second claim, let u: A — R be a point of X (R). Then Fx(u) = X (¢r)(u) = ¢rou and spec(pa)(u) = uogpy,
but these are the same because ¢ is natural. (Il

DEFINITION 9.4. Let f: X’ — X be a map of affine schemes over spec(F,), and let Y be a formal scheme
over X. Let ¢: Y — X be the given projection map. We define a functor Y’ = f*Y from rings to sets by
Y'(R) ={(a’,b) € X'(R) xY(R) | f(a') =q(®)}. If {y1,...,yn} is a system of formal coordinates on Y and
yi(a’,b) = y;(b) then one can easily check that {yi,...,y,} is a system of formal coordinates on Y’ so Y is
a formal scheme over X'.

REMARK 9.5. Let G be a formal group over an affine scheme X over spec(F,), and let f: X' —
X be a map of affine schemes. We can then make G’ = f*G into a formal group over X’ by defining
o((a’,bg), (a',b1)) = (a’,0(bo,b1)) and ((a’) = (a/,{(f(a’))). Here we have used the fact that if (a’,by) and
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(a’,b1) lie in G'(R) then q(bg) = f(a’) = q(b1), so o(by,b1) is defined. In a different notation, we could just
write (a’,bg) + (a’,b1) = (a’,bo + b1) and ((a’) = (d/, 0).

REMARK 9.6. Now suppose that X = spec(A) and X’ = spec(4’), so that f: X’ — X comes from a
map u: A — A’. Suppose also that G = GF for some formal group law F over A. We then have a formal
group law uF over A’, and one can then identify G’ with G r.

DEFINITION 9.7. Let X be an affine scheme over spec(F,), and Y a formal scheme over X, with projection
map ¢q: ¥ — X. We then have a map F'x: X — X and thus a formal scheme F5%Y over X. We define the
relative Frobenius map Fy,x:Y — FY by Fy,x(b) = (q(b), Fy (b)). (This lies in F3 Y (R) because of the
naturality equation g o Fy = Fx oq). If y1,...,y, are coordinates on Y, and y1,...,y,, are coordinates on
F%Y as in Definition then we see that y;(Fy,x(a)) = yi(a)?.

LEMMA 9.8. If G is a formal group over X then the relative Frobenius map Fg/x: G — FxG is a
homomorphism.

ProOOF. Consider the addition map o: G xx G — G, which is a map of schemes over X. As the
relative Frobenius map is natural, we have Fg/x o0 = 00 Fgy  @/x, and one sees from the definitions that
Foxva/x = Fa/x Xx Fgyx. Thus, we have g x(a +b) = Fg/x(a) + Fg x(b) whenever a + b is defined
(ie, whenever a and b lie over the same point of X'). Thus, F,x is a homomorphism. O

We next introduce a formal version of differential forms.

DEFINITION 9.9. Let X be an arbitrary affine scheme, and let Y be a formal scheme of dimension n
over X. Then Y xx Y is a formal scheme of dimension 2n over X. As usual, we let Oy« v denote the ring
of maps Y xx Y — Al and we let J denote the ideal of functions g € Oy, y such that g(a,a) = 0 for all
points a of Y. We define Qy/x = J/J2.

REMARK 9.10. The analogy to think of is as follows. Let ¢: Y — X be a smooth map of smooth
manifolds. Suppose this has the property that for each point x € X, the preimage Y, = ¢ {z} is a
submanifold of Y, diffeomorphic to R™. For any point y € Y, let V}, be the cotangent space of the manifold
Y,y at y. These vector spaces form a vector bundle of dimension n over Y, and we can define Qy,x to be
the space of global sections of this bundle. The proof of the next proposition will give some justification of
why this is analogous to our definition for formal schemes.

PROPOSITION 9.11. Qy/x is a free module of rank n over Oy .

PROOF. First, suppose that g € J and that h € Oy. We then have two functions kq(a,b) = h(a)g(a,b)
and ki (a,b) = h(b)g(a,b), giving two different elements of .J. However, the map (a,b) — h(a)—h(b) lies in J,
so ko — k1 € J?, so ko and k; have the same image in J/.J? = Q%,/X. We can thus make 2y, x into a module
over Oy by defining hg = ko = k1. We can also define a function d: Oy — Qy,x by d(h)(a,b) = h(a) —h(b).
We then have

d(hk)(a,b) = h(a) d(k)(a,b) + k(b) d(h)(a,b),
so d(hk) = hd(k) + kd(h).

Now choose coordinates x1,...,z, on Y. Then each z; is a map ¥ — Al C Al and thus can be
thought of as an element of Oy. We claim that the elements d(x1),...,d(x,) form a basis for Qy,/x over
Oy. To see this, define x},27: Y xx Y — Al by z(a,b) = z;(a) and 27(a,b) = z;(b). We then have
Oyxyy = Ox|x},2z!], and this is the same as Ox[x},y;], where y; = x; — z//. The diagonal inclusion
Y - Y xx Y gives rise to a map Oy« y — Oy, which sends z} and ! to z; and thus y; to 0. The ideal
J is by definition the kernel of this map, which is easily seen to be generated by the elements y;. It follows
that J? is generated by the elements Yy;y;, and thus that J/J 2 is a free module over Oy generated by the

elements y;. However, the image of y; in Qy,x = J/J? is just d(z;), by examining the definitions. O

REMARK 9.12. Let s: Y — Z be a map of formal schemes over X. We then have an induced map
Ozxxz — Oyxyy, sending g to g o (s xx s). This in turn induces a map s*: Qz,x — Qy/x. One checks
that this satisfies s*d(g) = d(g o s) for g € Oz, and s*(ga) = (g o 5) s¥*() for a € Qg x.
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REMARK 9.13. Now suppose we choose coordinates ¥1,...,y, on Y and 21,...,2, on Z. There are
then power series g1,...,gm over Ox such that z;(s(a)) = ¢:(y1(a),...,yn(a)), and we have s*d(z;) =
Zj 0gi/0y; d(y;). Thus, the map s*: Qz,x — Qy,x gives a coordinate-free encoding of the partial deriva-
tives of the series g;.

PROPOSITION 9.14. Let s: Y — Z be a map of formal schemes over an affine scheme X, with projection
maps q: Y — X and r: Z — X. Suppose that the induced map s*: Qz,x — Qy/x is zero.

(a) If X is a scheme over spec(Q), then there is a unique map s': X — Z such that ros’ =1 and
s=s8"0q (so s is constant along the fibres of Y ).

(b) If X is a scheme over spec(F,) for some prime p then there is a unique map s': FxY — Z of
schemes over X such that s = s’ o Fy/x

PROOF. Choose coordinates, as in Remark As s* = 0 we have dg;/dy; = 0 for all i and j. For
the rest of the argument, we assume that Y and Z have dimension one; the general case is essentially the
same, but with more elaborate notation. We thus have a single series g(y) over Ox with ¢'(y) = 0. If
9(y) = Y 4>0 cky® then we have Y-, kepy*~ = 0 and thus key = 0 for all k > 0. If X lies over spec(Q)
then Ox is a Q-algebra so ¢ = 0 for all k. The analysis of proposition [5.10| shows that ¢ is nilpotent, or
in other words that it is a map X — Al. We know that z is a coordinate on Z so there is a unique map
s': X = Z over X such that z(s'(a)) = co(a). We then have z(s'(q(b))) = co(g(b)) but by the definition of
g this is the same as z(s(b)) so s'(q(b)) = s(b) as required.

Now suppose instead that X lies over spec(F,). As ke, = 0 for all k, we see that ¢, = 0 unless p divides
k, so g(y) = h(y?) for some series h, which gives a map X x Al 5 X xAlasin Proposition We identify
the second copy of X x Al with Z using the coordinate z, and the first one with F;Y using the coordinate
y’ as in Definition This gives a map s': FxY — Z such that z(s'(b)) = h(y'(b)). We also know that
Y (Fy;x(a)) = y(a)?, so z(s'(Fy,x(a))) = h(y(a)?) = g(y(a)) = z(s(a)). This shows that s = s’ o Fy,x as
claimed. |

DEFINITION 9.15. Let G be a formal group over an affine scheme X. Let I be the ideal in Og of functions
g: X — A such that g o ¢ = 0 (or more informally, g(0) = 0).
Define wg = wg/x = I/1?, and let do(g) denote the image of g in wg/x- We also define

Prim(Qq/x) = {a € Qqg/x | 0"a = ma+ 1o € Qax va/x }-
Here 7, m1: G Xxx G — G are the two projections.

We now give a formal version of the fact that left-invariant differential forms on a Lie group biject with
elements of the cotangent space at the identity element.

PROPOSITION 9.16. wg/x is a free module on one generator over Ox. Moreover, there are natural
isomorphisms wg/x ~ Prim(Qg,x) and Qg/x = Og ®ox wa/x -

PRrOOF. Let x be a normalised coordinate on G. We see from Proposition that Og = Ox|[z], and
it is easy to check that I = (2) so I? = (2?) so wg/x is freely generated over Ox by do(z).

Now let K be the ideal in Ogx ¢ of functions k such that k£(0,0) = 0. In terms of the usual description
Ocxxc = Ox[z’,2"], this is just the ideal generated by 2’ and z”. Given g € I, we define §(g)(u,v) =
g(u+v) — g(u) — g(v). We claim that §(g) € K2. Indeed, we clearly have 6(g)(0,v) = 0, so §(g) is divisible
by z’. We also have §(g)(u,0) = 0, so 6(g) is divisible by z”. It follows easily that d(g) is divisible by z'z”
and thus that it lies in K2 as claimed.

Next, let J be as in Definition For any function g € I we define A(g) € J by A(g)(u,v) = g(u — v).
As g(0) = 0 we see that A(g) € J, so A induces a map wg/x — Q¢/x. We claim that A(g) € Prim(Qg,x).
To make this more explicit, let L be the ideal of functions [ on G X x G X x G x x G such that (s, s,u,u) = 0.
The claim is that *\(g) — 75 A (g) — miA(g) = 0 in L/L?, or equivalently that the function

k: (s, t,u,v) = Ag)(s+u,t+v) —A(g)(s,t) — A(g)(u,v)

lies in L?. To see this, note that k = §(g) o 0, where 0(s,t,u,v) = (s — t,u — v). It is clear that *K C L
and thus that 0*K? C L%, and we have seen that d(g) € K? so k € L? as claimed. Thus, we have a map
A wa/x — Prim(Qg/X).
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Next, given a function h(u,v) in J, we have a function p(h)(u) = h(u,0) in I. Tt is clear that p induces
a map Qg/x — wg/x with o X = 1. Now suppose that h gives an element of Prim(Q¢,x) and that
w(h) € I?. Define k(s,t,u,v) = h(s +u,t +v) — h(s,t) — h(u,v). The primitivity of h means that k € L2
Define ¢: G xx G — G xx G Xx G xx G by ¢(s,t) = (t,t,s — t,0). One checks that ¢*L C J and that

h(s,t) = k(t,t,s —t,0) + h(t,t) + h(s — t,0).

Noting that h(t,t) = 0, we see that h = ¢*k + 1*u(h), where 1(u,v) = u —v. As u(h) € I? and k € L? we
conclude that h € J2. This means that yx is injective on Prim(Qq/x). As pA = 1, we conclude that X and u
are isomorphisms.

Finally, we need to show that the map f ® a + fA(a) gives an isomorphism O¢ ®oy wa/x — Qa/x-
As Qg x is freely generated over Og by d(x), we must have A(do(x)) = u(x)d(x) for some power series u.
As wgx is freely generated over Ox by do(x), it will suffice to check that u is invertible, or equivalently
that «(0) is a unit in Ox. To see this, observe that u(fd(g)) = f(0)do(g), so that do(z) = pA(do(x)) =
w(u(z)d(x)) = u(0)do(x), so u(0) = 1. O

PROPOSITION 9.17. Let G and H be formal groups over an affine scheme X, and let s: G — H be a
homomorphism. Suppose that the induced map s*: wyg — wg is zero.

(a) If X is a scheme over spec(Q), then s = 0.
(b) If X is a scheme over spec(FF,,) for some prime p then there is a unique homomorphism s': FxG —
H of formal groups over X such that s = s’ o Fg/x.

ProOF. It follows from the definitions that our identification of wg,x with Prim(Qq,x) is natural for
homomorphisms. Thus, if @ € Prim(Qg,x) then s*a = 0. We also know that Qy,x = O ®oy WH/x,
so any element of Qp/x can be written as fa with f € Og. Thus s*(fa) = (f os).s*a = 0. Thus,
Proposition applies to s. If X lies over spec(Q) then we conclude that s is constant on each fibre. As
it is a homomorphism, it must be the zero map. Suppose instead that X lies over spec(F,). In that case we
know that there is a unique map s’: G' = F3.G — H such that s = 5’0 F;/x, and we need only check that this
is a homomorphism. In other words, we need to check that the map t'(u,v) = s'(u+v) — s’ (u) — s'(v) (from
G'x xG" to H) is zero. Because s and F;/x are homomorphisms, we see that t'oFgy  o/x = 0: GXxG — H.
Applying the uniqueness clause in Proposition to the map 0: G x x G — H, we conclude that ¢’ = 0 as
required. ([l

COROLLARY 9.18. Let G and H be formal groups over an affine scheme X, which lies over spec(F)).
Let s: G — H be a homomorphism. Then either s = 0 or there is an integer n > 0 and a homomorphism
s': (FY)"G — H such that s = s o Fg, ,y and (s')* is nonzero on wyx.

Before proving this, we reformulate it.

COROLLARY 9.19. Let s: G — H be as above, and let x and y be normalised coordinates on G and H
respectively. Let f be the unique series f(t) € Ox[t] such that y(s(a)) = f(x(a)) for all points a of G. Then
either f = 0, or there is an integer n and a power series g such that f(t) = g(t*") and ¢'(0) # 0 (So we
cannot have f(t) = t? + P+l for example).

PrOOF OF COROLLARY [9.I8 Suppose that there is a largest integer n (possibly 0) such that s can be
factored in the form s = s’ o Fg ) x- Write G' = (F%)*G, so that s': G' — H. If (s')* = 0 on wy,x then the
proposition gives a factorisation s’ = s” o Fzr/x and thus s = 5" o F, g;r)l( contradicting maximality. Thus
(s")* # 0 as claimed. On the other hand, suppose that there is no largest n. Let f(¢) be as in Corollary
Then f(0) = 0 and f is a function of #*" for arbitrarily large n. It follows that f = 0, as required. O

COROLLARY 9.20. Let G and H be formal groups over an affine scheme X, and let s: G — H be a
homomorphism. Suppose that the induced map s*: wg — wg is zero, and that Ox is torsion-free. Then

s =0.

PROOF. After introducing a coordinate, the claim is that a certain power series f(z) € Ox[x] is zero.
As Ox is torsion-free, the map Ox — Q ® Ox is injective, so it will suffice to check that f(x) becomes zero
in (Q® Ox)[xz]. This is clear from Proposition [9.17|(a). O
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DEFINITION 9.21. Let G and H be formal groups over an affine scheme X, which lies over spec(F),).
Let s: G — H be a homomorphism. If s = 0, we say that s has infinite height. Otherwise, the height of s
is defined to be the integer n occurring in Corollary [0.18] The height of the group G is defined to be the
height of the endomorphism pg: G — G (which is just p times the identity map).

DEFINITION 9.22. Let R be an F,-algebra, and F' a formal group law over R. The height of F is
the height of the formal group Gr over spec(R). Equivalently, if [p|r(z) = 0 then F has infinite height.
Otherwise, there is a unique integer n > 0 such that [p]z(z) = g(zP") for some series g with ¢’(0) # 0, and
then the height of F is n.

LEMMA 9.23. Let G be a formal group over X. For m € Z we let mg: G — G be the map a — ma.
Then we have m&a = ma: for all o € Prim(Qg,x).

PrROOF. We leave it to the reader to reduce to the case m > 1. Let 6: G — G%¢ be the diagonal map, let

om: G'¢ = G be the addition map, and let my,...,m,: G'¢ — G be the projection maps. By the definition
of Prim(Q¢/, x ) we have o5 = mfa+m3a. It follows inductively that oo = " | mro. We have 0,0 = mg
and m,0 = 1 so mEa = §*cf,a =Y./ | a = ma, as claimed. O

COROLLARY 9.24. If G is a formal group over a scheme X over spec(F,), then p& =p =0 on wg, so
G has height at least one.

ExAMPLE 9.25. (1) Take G = Ga x spec(FF,), which is a formal group over spec(F,). With the
usual coordinate we have F(z,y) =z + y so [p](z) = px = 0, so G has infinite height.

(2) Take G = G X spec(FF,). We then have pg(u) = v? = Fg(u), so pg = Fg, so clearly G has height
one.

(3) Take F(z,y) = (x +y)/(1 + xy), considered as an FGL over F,. If p = 2 then this has infinite
height, otherwise it has height one. This follows from the isomorphisms given in Example 2.14]

(4) Let C be an elliptic curve over a scheme X over spec(F,), and let C be its formal completion. Then
it turns out that C has height one or two. In the case where Ox is a field, the curve is said to be
supersingular if C has height two, and ordinary if C has height one.

(5) Let F' be the formal group law over Z with logarithm ", xpnk/pk7 as considered in Proposi-
tion [8:1] We shall show in a minute that the reduction of this formal group law mod p has height
n.

(6) Let f(x) be a monic polynomial over Z such that f(z) = pz (mod 22) and f(z) = 2?" (mod p),
for some n > 0. We will see later that there is a unique FGL over the ring Z, of p-adic integers
such that f(F(x,y)) = F(f(x), f(y)), and that for this FGL we have [p|r(z) = f(x). If we write
F for the resulting FGL over Z,/pZ, = Z/pZ = F, then we see that [p|z(z) = 2P, so that I has
height n.

PROPOSITION 9.26. Let F be the formal group law over Z such that logp(xz) = Zkzo xp"k/pk; (as
considered in Proposition , and let F be the resulting formal group law over F,. Then [p]#(z) = P, so
that F has height n.

PROOF. Write ¢ = p™. We observe from the definition that plogp(x) = px + logr(29), and by applying
expp we find that [p](z) = expp(pz) +F 9. Write

nk nk
f(a) =logp(px)/p=">Y p ~Far".
k>0

One checks that f(z) € Z[z] and f(z) = x (mod z?) so f is reversible in Z[z]. The reverse is easily seen to
be the series g(x) = expp(pz)/p, so we conclude that this series is integral, and thus that expp(pz) € pZ[z].
We can thus reduce the equation [p](z) = expp(pz) +r ¢ mod p to obtain [p|x(x) = x4, as claimed. O

10. Formal groups of height at least n

DEFINITION 10.1. Fix a prime p. For any formal group law F and k > 0, we let ui(F') be the coefficient
of ¥ in [p]r(z), so ux € Opgr, = L and u; = p. If we define (w.F)(z,y) = w™ F(wz,wy) then [pl, r(z) =
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wp]p(wx), so up(w.F) = whtuy,(F), so ug is a homogeneous element of degree k — 1 with respect to
the grading introduced in Examples and We also write v = u,r (so that vy = p and vy has degree

pF —1).

DEFINITION 10.2. Now fix an integer n > 0, and let FGL, ,,(R) be the set of formal group laws of height
at least n over R. Write I,, for the ideal in L generated by the elements uy for which k is not divisible by
p". It is clear that a formal group law F' has height at least n if and only if ux(F) = 0 for all such k, and
thus that FGLy, ,, = spec(L/I,).

LEMMA 10.3. The ideal I, is generated by {vo,...,Un—1}.

PrROOF. Let F be a FGL of height m > 0. Then [p|r(z) = g(zP") for some series g with ¢'(0) #
say ¢'(0) = a. This means that [p]r(z) = azP?” (mod 2P *'), so vo(F) = ... = vy 1(F) = 0 a
v (F) = a # 0. It follows easily that F' has height at least n if and only if Uo(F) = = v, (F) =
which means that FGL, ,, = spec(L/(vg | K < n)) and thus that I,, = (vx | kK < n).

DOCL

ProrosiTioN 10.4. We have
L/p=Fplv; |i>0]®@F,[ax | k is not a power of pl,

and thus
Orcr,, = L/I, =Fplv; | i > n] @ Fplax | k is not a power of p).

The proof will be given after two lemmas.

LEMMA 10.5. Let A be an Abelian group, and f(x,y) = > < aaca(x,y) a symmetric cocycle over A.
Make R = Z & A into a ring as in the proof of Proposition and let F(z,y) = v +y + f(z,y) be the
resulting FGL over R. Then for m > 0 we have

[m]r(z) m:chZm —m)/v(d) agz?,
d>1

and the numbers (m® —m)/v(d) are integers.

ProOF. Using the fact that m? = m (mod p) for all primes p, we see that (m? —m)/v(d) is an integer.

Suppose that A is torsion-free. In this case it is clearly sufficient to work in A’ = Q ® A. Write
aly = aq/v(d) and g(z) =Y, alz? so that f(z,y) = g(z +y) — g(x) — g(y). As g has coefficients in A’ and
r4+py=2z+y (mod A) and A% = 0, this is the same as g(z +r y) — g(x) — g(y). After feeding this into
the definition F(x,y) =z +y+ f(z,y) we find that z +ry — gl +ry) =2 — g(x) + y — 9(y), so the series
h(z) = x — g(z) is a homomorphism from F to the additive FGL. This implies that h([m]p(x)) = mh(z).
Using A? = 0 again we see that g([m]r(z)) = g(mz) so

[m]r(z) = mh(z) + g(mzx) = ma + g(mx) — mg(z) = mz + Z m? —m)/v(d) agz?,
d>1
as claimed.
Now let A be an arbitrary Abelian group. Write A" = @, Z, and let a); be the evident basis vector
in A’, and define f' = 3" alcq € Z(A’). Let m: A’ — A be the map that sends a); to ag. The previous
paragraph gives the conclusion for f’, and by applying @ we can deduce the conclusion for f. |

LEMMA 10.6. When k > 0 we have v, = —aye (mod I? + (p)), where I = @, L < L as usual.

P

PROOF. We reuse the ideas in the proof of Proposition [6.3] It will be enough to show that if F is an
FGL of the type considered there, over a ring R = F, ® A in which pA = 0, then vi(F) = —ayx(F). If
F(z,y) = 2 +y + > 4o aqca(z,y) then ay(F) is just aye. On the other hand, Lemma tells us that
[plr(z) = pr+ > 400 (p? — p)/v(d) agz?. Tt is clear that (p? — p)/v(d) =0 (mod p) unless d is a power of p,
in which case (p? — p)/v(d) = p*~' —1 = —1 (mod p). Thus [p]r(z) = =3 ;-0 G/pkl'pk and v, (F) = —a
as required.

pk>

28



PROOF OF PROPOSITION [[0.4l Define
L' =F,v; | i > 0] ®@Fplay, | k is not a power of p|.
We can make this into a graded ring with v/ in degree p* — 1 and aj, in dimension £ — 1. We can define
a map ¢: L' — L/p of graded rings by ¢(v;) = v; and ¢(a},) = ai. Let I’ be the ideal in L’ generated
by the elements v} and a}, and let I be the image of I in L/p. It is easy to see from Lemma that ¢

induces an isomorphism I’/(1")? ~ 7/72. It follows as in the proof of Theorem that ¢ is surjective. On
the other hand, L and L’ are polynomial rings with generators in the same degrees, so we see that L) and
Ly, are vector spaces over F,, with the same finite dimension, and ¢: Ly — Lj, is surjective so it must be an
isomorphism. ([l

COROLLARY 10.7. For each n > 1, there is a formal group law over F;, of height n.

PrOOF. Using the proposition, we can define a map «,: L/p — F, sending v, to 1 and all other
generators to 0. If F;, is the FGL that corresponds to «,, under the bijection FGL(F,) = Hom(L,F,), then
it is clear that F;, has height n. O

11. Formal groups in positive characteristic

Let X = spec(R) be an affine scheme over spec(F,). In this section, we attempt to classify formal groups
over X up to isomorphism. We will succeed completely in the case where R is an algebraically closed field.

It is convenient to reformulate the problem slightly. We can let RPS(R) act on FGL(R) by F/(z,y) =
FYF(f(x), f(y)) (so that f is an isomorphism Ff — F).

EXERCISE 11.1. The set of isomorphism classes of formal groups over spec(R) bijects naturally with
FGL(R)/RPS(R).

We first observe that the answer does not have as simple a form as one might hope for.

PROPOSITION 11.2. The functor T(R) = FGL(R)/RPS(R) is not a scheme.

PROOF. Corollary tells us that T'(F,) is infinite. As L is a polynomial ring, it is easy to see that the
map FGL(Z) — FGL(F,) is surjective, and thus the map T(Z) — T'(F,) is surjective, so T(Z) is infinite. On
the other hand, it follows from Proposition [3.1]that 7(Q) has only one element. Thus, the map T(Z) — T(Q)

cannot be injective. However, if X is a scheme then it is clear that the map X (Z) — X(Q) is injective,
because the map Z — Q is. O

Despite this, we can obtain some interesting results. We now start working towards this.

DEFINITION 11.3. If f,g € R[z,vy, 2] we write f = g+ O(k) if f = g (mod (z,y, 2)¥), and similarly for
other sets of variables. A formal group law F' is additive to order k if we have F'(z,y) =z +y+ O(k+ 1).

LEMMA 11.4. Let F and F’ be two FGLs over a ring R, and suppose that F(x,y) = F'(x,y) + O(k) for

some k > 0. Then there is a unique element u € R such that
Fl(x,y) = F(z,y) + uck(z,y) + O(k +1).

PROOF. Clearly there is a unique homogeneous polynomial f(z,y) of degree k such that F'(z,y) =
F(z,y)+ f(z,y) + O(k+1), and by Proposition[6.9]it suffices to check that f € Z(R). As F(z,y) = F(y, z)
we have f(z,y) = f(y,z). To check the cocycle condition, it suffices to work modulo (z,y, z)**1. To this
accuracy, we have zf(z,y) = yf(z,y) = 0 and thus F'(z,y) =z +r y +r f(x,y). It follows that

FI($7FI(?J7Z)) = F/(xay +rz+F f(y»Z)) =T +F Yy +rz+F f(yaz) +r f(m7Fl(y7Z))
On the other hand, because F'(y,z) = y + z (mod yz) and f is homogeneous of degree k we see that
f(z, F'(y,2)) = f(z,y + 2) to our accuracy. It follows that
F/(x,F/(y,z)) —FT—FY—FZ= f(y7z) +F f(:c,y+z) = f(yvz) +f(:r,y+2)
As F’ is commutative and associative, the right hand side is invariant when we exchange = and z. We thus
have

As f is symmetric, this gives the cocycle condition. |
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COROLLARY 11.5. If F' € FGL(R) is additive to order k — 1 then there is a unique element w € R such
that F(z,y) = ¢+ y + ucg(z,y) + O(k + 1). O

LEMMA 11.6. If F(z,y) = z+y+acy(z,y) +O(k+1) and m € Z then n = (m* —m)/v(k) is an integer
and [m]p(x) = mz + naz® + O(k + 1).

PROOF. This is essentially the same as Lemma [10.5 |

COROLLARY 11.7. Let F' be a formal group law over an F,-algebra R. If F' is additive to order p" — 1
and r < height(F') then F' is additive to degree p”.

Proor. We know from Corollary that there is some element u € R such that F(z,y) =z +y +
ucpr(z,y) +O(p" +1). Lemmam tells us that [p|p(z) = —uz?” + O(p" +1). On the other hand, if F has
height n then [p](x) = 0+ O(p™). If n > r we conclude that u = 0, so that F is additive to order p”. O

LEMMA 11.8. If f(x) = = + ax® then Ff(x,y) = F(x,y) — abp(z,y) + O(k + 1), where by(x,y) =
(z+y)* =2 —y* = v(k)er(z,y).

PRroOOF. Exercise. O

LEMMA 11.9. Suppose that F(z,y) = x +y + ack(x,y) + O(k+ 1) and f(x) = vz for some unit v € R*.
Then Ff(z,y) =z +y + av*tep(z,y) + O(k +1).

Proor. Exercise. O

LEMMA 11.10. Suppose that F(z,y) = x+y+cpn(z,y) +O(p" +1), and k > n and f(z) =z+r v "
Then

F(2,y) = F(z,y) + (0" —v)epe(z,y) + 00" +1).

PROOF. Let F be a formal group law over an Fj-algebra R. We work everywhere modulo (x,y)pkH.
Note that to this accuracy, if w € (z,y) and z € (z, y)pk then wz = 0 so w+p z = w + z; we shall repeatedly
use this without explicit mention. We put ¢ = c,x(x,y) € (x,y)pk. The right hand side of the displayed
equation can be rewritten as r +r y +r vP" ¢ —p ve. We thus need to check that

f@) +r fy) = f@+ry+rv* c—pve),

or equivalently

k—n

e4pytroa? " dpoy? " =adpytro?c—puetro(@ ey
Here we have used the fact that k > n, so applying the p*~"’th power map kills the terms involving c¢. We
now cancel the terms z +p y and use the approximation F(X,Y) = X +Y +¢,n(X,Y) mod (X, Y)?"*! and
the fact that ¢ = cpn(z,y)?" " (Lemmal6.11). We find that we need to check that

k—n k—mn n n k—n k—mn
v +oy? P =0 c—puvct+pu(E?  +yP +o).

Finally, we observe that the formal sums can be rewritten as ordinary sums, and this makes the claim
clear. O

THEOREM 11.11. Let F' be a formal group law over an F,-algebra R. If F' has finite height n, then F
is isomorphic to a formal group law F' that is additive to order p® — 1. If F has infinite height then F is
isomorphic to the additive formal group law Fy(z,y) = x +y.

PrOOF. We start with the finite height case. We will recursively define formal group laws Fj, for
2 < k < p™ such that Fj is additive to order k — 1. We start with F, = F', which clearly has the required
form. Given Fj, we know from Corollary that Fy(z,y) =z +y + uck(x,y) + O(k + 1) for some u € R.
If k£ is a power of p and k < p™ then Corollary tells us that v = 0. In that case, we put Fyy1 = Fj
and fi(z) = x. If k is not a power of p then v(k) is a unit in F,. We define fi(z) = = + ua®/v(k) and
Fiyq = ka’“. Lemma tells us that Fyyq is additive to order k. At the end of this process we have a
formal group law F’ = Fj,» of the required form, and isomorphisms fi: Fjy1 — Fj so F' ~ F, = F.
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In the case where F' has infinite height, we can define F}, and f for all k, by the same procedure as that
given above. We then define g (x) = fa(f3(... fx(x))), so that gx: Fr41 — F» = F, so that F9% = Fj;.
We have fi(x) = x4+ O(k) for all k, so g, = gr—1 + O(k), so there is a unique series g(z) € R[z] such that
g(x) = gr—1(z)+O(k) for all k. We thus have F'9 = Fj, = x+y+O(k) for all k, so F9(z,y) = x4y = Fy(x,y).
Thus g gives an isomorphism F, ~ F'| as claimed. ]

THEOREM 11.12. Let K be an algebraically closed field of characteristic p > 0. Then any two formal
group laws over K are isomorphic if and only if they have the same height.

PROOF. Let F' and F’ be two formal group laws over K. If they both have infinite height then they are
both isomorphic to the additive FGL and thus to each other (by Theorem . We may thus assume that
they have the same finite height n. Using Theorem again, we may replace F' and F’ by isomorphic
formal group laws that are additive to order p™ —1. We thus have F'(z,y) = z+y+ucyn (z,y) +O(p" +1) for
some u € K. It follows that [p| () = —uzP” +O(p" +1) and we know that F has height n so u # 0. As K is
algebraically closed, we can choose v € K such that v*" ~'u = 1. Using Lemma we can replace F' by an
isomorphic formal group law for which u = 1, or in other words F'(z,y) = z+y+cpn (z,y) mod (z, y)P . We
may also replace F’ by an isomorphic formal group law of the same type. We now define recursively a sequence
of formal group laws Fy, (for k > p™) and isomorphisms f;: Fr11 — F) such that Fy(z,y) = F'(z,y) + O(k).
We start with Fjn 1 = F. Suppose we have defined Fj. We know from Lemma that there is a unique
element u € R such that F'(z,y) = Fi(x,y) + uck(x,y) + O(k + 1). If k is not a power of p then v(k) is
a unit in F, so we can define fx(v) = = + uz®/v(k) and Fyyq = Fg’“. It then follows from Lemma ﬁ
that Fri1(z,y) = F'(z,y) + O(k + 1) as required. On the other hand, suppose that k& = p” for some
r > n. As K is algebraically closed, there is an element v € K such that v»" — v = u. We can thus define
fi(z) = +p, v " and Fipq = Fg’“. It follows from Lemmathat Fepi(z,y) = F'(z,y) + O(k+1).

Now define g,» (z) = = and gx+1(z) = gk (frt1(x)) for all k > p™. It is easy to see that the series gi(x)
converges to a unique limit g(x), in the sense that for any N we have g(z) = gr(x) + O(N) for k > 0.
Moreover, we find that F'9 = F”’, so g is the required isomorphism from F’ to F. O

12. Formal group laws of infinite height

Let FGL, oo (R) be the set of formal group laws of infinite height over R. This is an affine scheme over
spec(FF,), and we see from Proposition that the corresponding ring of functions is

L/l =L/(vx | k> 0)=Fpla | k is not a power of p).

This is a reasonably satisfactory picture, except that the generators a; are not very explicit or easy to work
with. In this section we give a different description of the scheme FGL,, o, due to Steve Mitchell.

DEFINITION 12.1. Write C' = RPS; x spec(F,), which is a group scheme under composition over
spec(F,). Let A be the subgroup scheme consisting of formal power series f(x) such that f(z) =z (mod z?)
and f(z +y) = f(z) + f(y). Using Lemma we see that this is just the group of series of the form
fx)=x+> ., apz?" . We write A(R) \ C(R) for the set of right cosets of A(R) in C(R).

Let Y C C be the scheme of series of the form Y_, _; byz* such that b,x = 0 for all k > 0. Given a series
f € C we define ¢(f)(x,y) = f~1(f(x) + f(y)). This is a formal group law, and f gives an isomorphism
from ¢(f) to the formal group law F,(x,y) = « + vy, so ¢(f) has infinite height.

THEOREM 12.2. The map (f,g) — f o g gives an isomorphism A xY — C. The inclusion Y — C and
the map ¢: C — FGL, o induce isomorphisms Y (R) — A(R) \ C(R) — FGL, «o(R). Thus, the functor
A\C: R~ A(R)\ C(R) is a scheme, and we have isomorphisms Y — A\ C — FGL,, .

PrROOF. We may assume that R is an Fj,-algebra (otherwise the theorem merely claims a bijection
between empty sets). We know from Theorem [11.11]that if F' € FGL, oo (R) then there exists an isomorphism
f+ F = F,. If f/(0) =wu € R* then we can compose with the automorphism z/u of F, and thus assume
that f'(0) = 1, so that f € C(R). By assumption we have f(F(z,y)) = f(z) + f(y), so F' = ¢(f). This
shows that ¢: C(R) = FGL, o (R) is surjective. It is easy to see that if g € A(R) then ¢(g o f) = ¢(f), so
we get an induced map A(R) \ C(R) — FGL,, o (R), which is again surjective. If ¢(f) = ¢(g) = F then f
and g give maps F — F, so h(z) = g(f~!(z)) defines a map F, — F,, in other words an element of A(R).
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As g = ho f we see that f and g give the same element of A(R)\ C(R), so our map ¢: A\ C — FGL,, » is
an isomorphism.
We now define a map 7: C' = A by 7(3 ;. bxa®) = > k>0 bpkfﬁpk. Note that 7(g)(z) = z if and only if

J

geY. If f(z) =3, ajxpj € A(R) and g(z) = 3.0 bk € C(R) then we have f(g(z)) = Dok ajbz':ckpj
0

T(fog) = ajta?" = for(g).
i

Now define o(h) = 7(h)~! o h, so that h = 7(h) o o(h). By applying the above with f = 7(h)~! and g = h,
we see that 7(o(h))(z) = 7(h) "} (r(h)(x)) = z, so o(h) € Y. We thus have a map (7,0): C — A x Y, which
is easily seen to be inverse to the map (f,g) — fog. ]

REMARK 12.3. In topology, the group scheme A is naturally identified with spec(P.), where P, is the
polynomial part of the dual Steenrod algebra. If X is a space then the Steenrod algebra acts on H*(X;F,).
If X is a finite CW complex and H*(X;F,) is concentrated in even degrees then this gives rise to an action
of the group scheme A on the scheme Xy = spec(H*(X;F,)). In the case p = 2, a similar construction
gives an action of A on spec(H,.(MO;Fs)), where MO is the spectrum representing unoriented bordism.
This scheme can be identified with our scheme C|, in a manner compatible with the action of A. Our A-
equivariant isomorphism C' ~ A x Y implies that the Adams spectral sequence for m,(MO) collapses and
thus that spec(m«(MO)) =Y = FGL3 . This tells us the structure of the ring 7, (M O). On the other hand,
a theorem of René Thom tells us that 7, (MO) is the ring of cobordism classes of compact closed manifolds.
(Two manifolds M and N are said to be cobordant if M IIN is the boundary of some manifold W; addition
is defined by disjoint union and multiplication by Cartesian product; this gives an algebra over Fy because
O(M x I) = M II M.) Thus, the procedure outlined above contributes to a rather striking theorem in
topology. If MU is the complex bordism spectrum then spec(m,(MU)) = FGL and spec(H.(MU;F,)) =C
and if R denotes the image of the Hurewicz map m,(MU) — H,(MU;F,) then spec(R) = FGL, .

13. The p-adic integers

In this section we define and study the ring Z,, of p-adic integers, and various extensions of Z,. These
rings will be useful for several different reasons. In Section [14] we will develop the method of Lubin and
Tate for studying formal group laws over Z,. This will in turn give formal group laws over Z, /pZ, = F,,. In
Section [16] we will study the endomophism rings of certain formal groups, and we will find that they contain
ZLy.

DEFINITION 13.1. Let py,: Z/p* — Z/p*~! be the evident projection map. Let Z,, be the set of sequences
a € 1= Z/p" such that pi(ax) = ar—1 for all k > 1. This is a ring under the obvious pointwise operations.

DEFINITION 13.2. Let a be an integer. If a = 0 then we define v,(a) = 0o, otherwise there is a largest
number k > 0 such that p* divides a and we define v,(a) = k. Similarly, if a € Z, we let v,(a) be the largest
k such that ay = 0 € Z/p*, or v,(a) = oo if a = 0. These definitions are clearly compatible if we think of Z
as a subring of Z,. We also define |al, = p~"(*), and d,(a,b) = |a — b|,. One can check that this gives a
metric on Z, and thus on Z C Z,.

THEOREM 13.3. The topology on Z,, induced by our metric d(a,b) = |a—>b|, is the same as its topology as
a subspace of the product of the discrete spaces Z./p*. It is a compact Hausdorff space, and can be identified
with the completion of Z with respect to d. Every element a € Z, has a unique expression as a convergent
infinite sum a =)<, brp® with by € {0,1,...,p— 1}.

PROOF. Let a be an element of Z,, and suppose that € > 0, so p~* < ¢ for some k. As Z/p* is discrete,
the set {ax} is open in Z/p* so U = {b € Z, | by = ai} is open in the product topology. If b € U then
one sees from the definition of Z, that b; = a; for j < k so vp(b—a) > k so |b—a|, < e. Thus, U is
contained in the ball of radius € round a, and it follows that every open set in the metric topology is open
in the product topology. On the other hand, the basic neighbourhoods of A in the product topology are of
the form V = Z, N[, Vi, where a, € V}, C Z/p* and Vj, = Z/p* for all but finitely many k. If V; = Z/p*
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for all £k > m then one checks easily that the ball of radius p~™ round a is contained in V. It follows easily
that the metric topology is the same as the product topology.

Now let (aq,aq,...) be a Cauchy sequence in Z,,. Then for any k there exists m such that |a; —a;|, < p~
for 4,5 > m. This means that a; = ap . for all i > m. If we define by = a,,  then one can check that
b € Z, and the sequence converges to b. Thus, Z, is complete under the metric. It is clear that any point
a € 7y, has distance at most p~* from some integer b € {0,...,p* — 1}. It follows both that Z,, is totally
bounded, and that Z is dense in Z,. Any complete, totally bounded metric space is compact Hausdorff,
and is the completion of any dense subspace. This shows that Z, is a compact Hausdorff space, and is the
completion of Z.

Now let a be an element of Z,. One can easily prove by induction that there is a unique sequence of
elements by, € {0,...,p — 1} for k > 0 such that a, = >_,_, b;p’ € Z/p*, and it follows that a = > bipt €
Z |

k

j<k
-

COROLLARY 13.4. For any k > 0 we have Z,/p*Z, = Z/p".

PROOF. Define p: Z, — Z/p* by p(a) = ai. The restriction of p to Z C Z, is clearly surjective, so p is
surjective. If we write a = 3, bjp’ as in the theorem then p(a) = Zf;é bjp?. If p(a) = 0 it is easy to see
that bp = ... = by—1 = 0. As Z, is complete, the series ijk bjpk_j converges to an element ¢ € Z, and
a=phce kap. Thus, p induces the claimed isomorphism. O

PROPOSITION 13.5. An element a € Z,, is invertible if and only if a # 0 (mod p).

PROOF. The corollary above shows that p is not invertible, so if a = 0 (mod p) then a is not invertible.
Next, suppose that a =1 (mod p), say a = 1 — pb for some b € Z,. The series Y, ., p"b" then converges to
an inverse for a. Finally, suppose merely that a # 0 (mod p), so a has nontrivial image in Z,/pZ, = Z/p.
As Z/p is a field, there is an integer b such that ab =1 (mod p), so ab is a unit in Z,, so a must also be a
unit. O

COROLLARY 13.6. Every nonzero element of Z, is a unit multiple of p* for some k > 0; so Z, is a
principal ideal domain, with pZ, as the only mazimal ideal. O

DEFINITION 13.7. Let A be an abelian group. We say that A is a p-torsion group if for each a € A there
exists k > 0 with p*a = 0.

Note that k is allowed to vary with a, so € j Z/p’ counts as a p-torsion group, for example.
PROPOSITION 13.8. Let A be a p-torsion group. Then A has a natural structure as a module over Z,.

PROOF. Let n be an element of Z,, corresponding to a sequence of elements n; € Z/p’. We use the
same notation n; for the unique representative lying in {0,1,...,p" — 1}. Given a € A we choose k with
p*a = 0, and then define na = nya. It is clear that this does not depend on the choice of k. Given a,b € A
we can choose k large enough that p*a = p*b = 0 and then n(a +b) = n(a+b) = nra +npb = na +nb. All
the other module axioms can be checked by similar arguments. ]

PROPOSITION 13.9. Let F be a formal group law over a ring k, and fix i,5 > 0. Then for sufficiently
large m be have

[p"] () =0 (mod p*,x7).
PROOF. We can replace k by k/p’ and so assume that p’ = 0 in k. This means that [p']r(x) € k[z].2?.
In general, if f(z) € k[z].2" and g(z) € k[z].z* then f(g(z)) € k[z].2"*. Tt follows that [p]r(z) is divisible
by 2", and so is divisible by z7 for large n. O

PROPOSITION 13.10. Let G be a formal group over a scheme S = spec(k), and suppose that p* = 0 in k.
Recall that G gives a functor G' from k-algebras to abelian groups, as in Section[3, Then G'(R) is always a
p-torsion group, and thus a Zp-module.

PROOF. Choose a coordinate on G. This allows us to identify G(R) with Nil(R), with the group structure
given by a formal group law F' over k. The claim now follows easily from Proposition [13.9 ]
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DEFINITION 13.11. Let F be a formal group law over a ring k in which p* = 0. Fix n € Z,. Propo-
sition tells us that multiplication by n gives a well-defined endomorphism of the groups (Nil(R), F'),
and Proposition tells us that this corresponds to a formal power series over k. We write [n]r(z) for this
power series.

Similarly, if £ is a formal group law over Z, then the previous paragraph gives compatible power series
[n]r(z) € [(Z/p")]x for all i, and these fit together to give [n]r(z) € Z,[x].

REMARK 13.12. More concretely, we can calculate [n]r(z) modulo (p?,z7) as follows: we find m such
that [p™]r(x) € (p',27), then we find ng € N such that n = ng (mod p™), then we define [ng]#(z) to be
the formal sum of ng copies of z in the usual way, and we find that [n|g(z) is the same as [no](x) modulo
(p*,a7).

REMARK 13.13. Using the correspondence between power series and natural transformations, it is easy
to check that

(a) [n]p(z) is as in Definition whenever n € Z C Zy,.

(b) [n|rp(F(z,y)) = F([n]r(x), [n]r(y)), so [n]F is an endomorphism of F'.

(¢) [nm]p(z) = [n]p((m]r(2)) and [0+ m]p(z) = F(n]p(z), [m]F(2)).
We next want to understand various finite extensions of Z,.

DEFINITION 13.14. We say that a ring R is reduced if the only nilpotent element is zero. We let W be
the category of finite, reduced IF)-algebras. We also let WV be the category of Z,-algebras R such that

(a) R is finitely generated and free as a Z,-module;
(b) R/pR is reduced.

THEOREM 13.15. The functor R+~ R/pR gives an equivalence W — W.

_ The proof will be given after a number of preliminary results. First, however, we explain the structure
of W:

PROPOSITION 13.16. Let R be a finite Fy,-algebra, and let ¢: R — R be the Frobenius map, defined by
¢(a) = aP. Then the following are equivalent:

(a) R is reduced
(b) R is a finite product of fields
(¢) ¢™ =1 for some m > 0.

PrOOF. First suppose that R is reduced. If R = Ry x R; with Ry, R # 0 then we can argue by
induction on |R| that R is a product of fields. So suppose that R cannot be split in this way, or in other
words that the only idempotent elements of R are 0 and 1. Let a be an arbitrary element of R. As R is
finite, the powers of a cannot all be distinct, so we can choose 4, j with j > 0 and a' = a'*7, so a*(1—a?) = 0.
From this it follows that a’(1 — a%) = 0 and then that a”/(1 — ") = 0 so the element a* is idempotent. If
a¥ = 0 then (as R is reduced) we have a = 0. If a¥/ = 1 then a is invertible. It follows that R is a field.
This shows that (a) implies (b).

If R is a field of dimension m over [, it is standard that ¢™ =1 on R. If 9" =1 on R; for i = 0,1,
then we find that ¢™°™ =1 on Ry X Ry. From this it follows easily that (b) implies (c).

Finally, suppose that ¢™ =1 in R, so ¢™" =1 for all n. If a € R is nilpotent then ¢™"(a) = 0 for n
sufficiently large, so a = 0. This shows that (c) implies (a). O

COROLLARY 13.17. If we put U,,, = Zy, [t]/(t*" —t) then Uy, /p is reduced, and is a finite product of fields.

PROOF. The map ¢™: U,,/p — U,,/p is a ring homomorphism that acts as the identity on the generator
u, so it acts as the identity on the whole ring. O

DEFINITION 13.18. For R € W we define ¢p: R — R by ¢p(a) = aP (so ¢g preserves multiplication but
not addition). We put
T(R)={a € R| ¢{'(a) = a for some m > 0}.

PROPOSITION 13.19. We have 0,1 € T(R), and T(R) is closed under multiplication, and T(Ry X Ry) =
T(Ro) X T(Rl)
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PrROOF. It is clear that 0,1 € T(R). If ¢§"(a) = a and ¢{(b) = b then ¢§"(ab) = ab, so T(R) is
closed under multiplication. If a; € R; with ¢ (a;) = a; then ¢3"°™* (ap,a1) = (ao,a1), so T(Ry X R1) =
T(Ro) X T(Rl) U

PROPOSITION 13.20. Let R be a ring in W. Then

(a) The reduction map 7: R — R/pR gives a bijection T(R) — R/pR.

(We will write T for the inverse map R/p — T(R).)
(b) Every element a € R can be expressed uniquely as .~ 7(a;)p" with a; € R/p.
(c) If BC R/p is a basis for R/p over F,, then 7(B) is a basis for R over Z,.

PROOF. (a) By Proposition there exists m such that ¢™ = 1 on R/pR. Thus, for a € R we
have ¢f*(a) = a (mod p). Define a; = ¢7*(a). Using Lemma we can show by induction that
a;y1 = a; (mod p'*™). Also, as R is a finitely generated free module over Z,, we see that R is
the inverse limit of the quotients R/p'R. It follows that there is a unique element a., € R with
aoo = a; (mod p'*™%) for all i. By uniqueness, we see that ¢§' (o) = oo, 50 oo € T(R). By
construction we have ax = a (mod p), and it follows from this that the map =: T(R) — R/p is
surjective.

Now suppose we have a,b € T'(R) with 7(a) = w(b). We can choose n > 0 such that ¢f(a) = a
and ¢f(b) = b. As m(a) = 7w(b) we see that a = b (mod p). It follows by Lemma that
09 (a) = ¢p? (b) (mod p't™), so a = b (mod p't™¥). As j was arbitrary, this gives a = b. Thus,
we see that 7 is also injective.
(b) Given a € R we put by = a and ag = w(by) € R/p. Then w(bg — 7(ap)) = 0, so by — 7(ag) = pby for
some b;. Similarly, we put a; = 7(b;) and b; 41 = (b; — 7(a;))/p for all i, so a = p'b; +2 i< 7(a;)p’.
In the limit we get a = >_,~, 7(a;)p".
(c) First, we have assumed that R is a free module over Z, of finite rank, so we can choose a basis
Uy, - .., Uy. For any other list of elements vq,...,v,, we can write v; = Zj m;ju; for some matrix
m € M, (Zp), and v is a basis iff det(m) € Z,’. However, an element of Z, is invertible iff its image
in F,, is invertible, so we see that v is a basis for R over Z, iff m(v) is a basis for R/p over F,,. The
claim is clear from this.
O

COROLLARY 13.21. If we put
E(R) = {e € R|e* = e} = { idempotents in R}
then m gives a bijection E(R) — E(R/p).

PROOF. It is clear that 7(E(R)) C E(R/p). It is also clear that E(R) C T(R) and 7: T(R) — R/p is
injective so m: E(R) — E(R/p) is injective. Finally, if € € E(R/p), then there is a unique e € T(R) with
7(e) = . We then have €2 € T(R) with 7(e?) = &> =€, so ¢? = ¢, s0 e € E(R). This proves that we have a
bijection. |

COROLLARY 13.22. Suppose that R € W. Then the following are equivalent:
(a) E(R)=1{0,1} (with0+#1)

(b) E(R/p) ={0,1} (with 0 #1)

(¢) R/p is a field.

(d) R is an integral domain.

PRroOF. 1t is clear from Corollary that (a) and (b) are equivalent. We know that S/p is a finite
product of fields, so (b) and (c) are equivalent. As every idempotent e € E(R) satisfies e(1 — e) = 0, we see
that (d) implies (a).

We next show that that (c¢) implies (d). Suppose that R/p is a field, and consider nonzero elements
a,b € R. We then have a = p‘ag and b = p’by for some 7,57 > 0 and ag, by € R with 7(ag), 7(by) # 0 in R/p.
As R/p is a field it follows that w(agby) # 0 and so agby # 0. As R is a free module over Z, it follows that
the element ab = p“agby is also nonzero, as required. O
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PROPOSITION 13.23. If F' is any field of order p?, then there is an idempotent e € E(Uy) such that the
ring R=Ug/e € W has R/p ~ F. Moreover, if S is any other ring in W with S/p ~ F, then S ~ R.

PROOF. It is well known that F* is cyclic of order p? — 1; let u be a generator, and let a: Uy — F be
the map that sends ¢t to u. Let ¢(¢) be the minimal polynomial of u, so 't = d(t)(t) for some ¥(t).
By differentiating this relation, we get ¢'(t)v(t) + ¢(t)1)'(t) = —1. From this it follows that the element
€= —¢(t)Y(t) gives an idempotent in the ring Uy/p =T, [t]/(tpd —t). By Corollary there is a unique
idempotent lifting e € E(Uy). If we put R = Uy/e, we find that R € W and that « induces an isomorphism
R/p— F.

Now suppose we have another ring S € W, and an isomorphism : S/p — F. Let v € T(S) be the
element with 7(v) = S7(u). Then o' e T(S) with W(vpd) = 7(v), so v?" = v, so there is a unique
homomorphism v: Uy — S with (¢) = v. The diagram

Uj —— S

o| iﬂ

F%S/p

commutes when evaluated on ¢t € Uy, but ¢ is a generator, so it commutes on all elements. It follows that
my(e) =0, but 7: E(S) — E(S/p) is bijective, so y(e) = 0, so we have an induced map 7: R = Uz/e — S.
Using the above diagram we see that the induced map R/p — S/p is an isomorphism, and both R and S
are finitely generated free modules over Z,, so it follows that v is an isomorphism. O

PROOF OF THEOREM First, Proposition shows that the essential image of p contains all
fields in W. It is also clear that the essential image is closed under products, so p is essentially surjective.

Next, suppose we have two morphisms f,g € W(R, S) with p(f) = p(9): R/pR — S/pS. We have a
natural bijection T'(R) — R/p, so we see that f = g on T(R). However, T(R) generates R as a Z,-module,
so f = g. This proves that p is faithful.

We now want to prove that p is full, or in other words that the map

prs: W(R,S) = W(R/p,S/p)

is surjective. If we know that this holds for Sy and S7, then it also holds for Sy x S1. We can thus reduce
to the case where S does not split as a nontrivial product, or equivalently E(S) = {0,1}. Corollary
then tells us that S/p must be a field, and S is an integral domain. Now fix S with this property, and let
V be the class of rings R € W such that pgrg is a bijection. As S is an integral domain, it is not hard to
identify W(Rg x Ry, S) with W(Rg, S) I W(Ry,S), and W(R/p, S/p) with W(Ry/p, S/p) L W(R1/p, S/p).
It follows that Ry x Ry € V iff Ry and R; both lie in V. Using this in one direction, we reduce to the case
where R/p is also a field. Using the opposite direction in combination with Proposition we reduce
to the case where R = Uy for some d. In this case we can identify W(R, S) with {b € S | b*" = b}, and it
follows from Proposition that prs is a bijection, as required. (]

COROLLARY 13.24. For R € W, there is a ring homomorphism ¢: R — R given by
¢(>_rla)p’) =Y r(al)p".
i i
(We call this the lifted Frobenius map.)
PROOF. We temporarily write ¢; for the Frobenius map a — a? on R/p. By the proposition, there is a
unique ring homomorphism ¢: R — R with p(¢) = ¢1. As 7 gives a natural bijection R/p — T(R), we see

that ¢(7(a)) = 7(¢1(a)) = 7(a?). As ¢ is a ring homomorphism it must also satisfy ¢(p) = p, and so must
be continuous with respect to the p-adic topology. It therefore preserves the relevant infinite sums, and we

find that 4 4
¢ T(a)p’) =Y r(ah)p'.

% %
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REMARK 13.25. In Section [22] we will develop the theory of Witt vectors, which is useful for a number of
reasons. One application is that it gives a more explicit functor W — W that is inverse to p. However, this
turns out to be less useful than one might imagine. Instead, we can proceed as follows. Given a finite field
F, we can choose a generator u € F, and let f(t) € Fp[t] be the minimal polynomial, so F ~ Fy[u]/f(u).
We can then choose a monic polynomial f(t) € Zy[t] lifting f(t), and put R = Zy[u]/ f(u); then R € W with
p(R)~ F.

14. Lubin-Tate theory

Fix a prime p and an integer n > 0. Let R be a Zy-algebra such that
(a) R is finitely generated and free as a Z,-module;
(b) R/p is a field of order p™ for some m dividing n, so that a?” = a for all a € R/p.
(This means that R lies in the category W from Definition [13.14] )

Our results will already be interesting for R = Z,, and the reader may wish to focus on that case.
However, the more general case is important in number theory (specifically, the local class field theory of
finite field extensions with abelian Galois group).

Let F be the set of formal power series f(x) € R[z] such that

(a) f(z) =pz (mod z?)

(b) f(z) =a*" (mod p).
For each such f, we will define a formal group law Fy over R. It will turn out that given another series
g € F, there is a canonical isomorphism uy 4: Fy — F,, and we can use these to define a formal group that
is independent of any choices.

All our arguments will rest on the following lemma:

LEMMA 14.1. Suppose that f,g € F and that \1 is a linear form in k variables over R, say

Mz, ., x8) = Zaiaji
i

with a; € R for all i. Then there is a unique power series A € R[x1,...,xx] such that

A= )\1 mod (xl,...,xk)2

and
A(f(@1), .., flow) = g(A(@1, ... 2n)).

ProoF. Write I = (21,...,2) < R[z1,...,z], and write A o f* for the series A(f(x1),..., f(z)) and

so on. We will construct recursively polynomials A, of degree at most m such that
/\mofk =goA,+0(m+1).
We are given \;, which has the required property because f(x) = px = g(z) + O(2). Suppose we have
constructed \,,,—1. We next claim that
Am—1 Ofk :go)‘m—l (mOd p)

To see this, we work mod p until further notice. We thus have g(z) = 2" and thus g(z + y) = g(x) + g(y)
and g(zy) = g(x)g(y) and g(a) = a for all a € R/p. Because of this, applying g to the power series
Am—1(x1,...,x) is just the same as raising the variables x; to the p™’th power, or equivalently applying
f to them. This gives the congruence as claimed. Working integrally again and discarding terms of total
degree greater than m, we see that there is a unique homogeneous polynomial v, of degree m such that

Anc10fF=goXn_1+ pth + O(m + 1).
Define ¢!, = /(1 — p™~ 1) (noting that 1 — p™~! is a unit in Z,) and A\, = Apm—1 + ¢),. Because
g(x) = px + O(2) we have
On the other hand, we have f(z) = pz + O(2) and ¢, is homogeneous of degree m so
Uy o f* =P (pr1,. . prk) = p" iy, + O(m + 1),
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Thus, working modulo I™*!, we have

Am o f¥ = A1 0 5+ p™yl,
=g0Am—1+ (p—p™U, + "YU,
=90°Am

as required. It follows that there is a unique power series A such that A = A,,, + O(m + 1) for all m. This
series satisfies Ao f¥ = go A+ O(m) for all m, so Ao f*¥ = go X. One can check by induction that A is unique
modulo I™ for all m, and thus is unique. O

PROPOSITION 14.2. If f € F then there is a unique formal group law Fy(x,y) over R such that foFy =
Fy o f2, and moreover we have [p|p, (x) = f(x).

PROOF. We start by applying Lemma with ¢ = f and Ai(x,y) =  + y. This gives a unique series
Fp =X with Ffo f? = fo Fy and Ff(z,y) = z + y mod (z,y)?. We claim that this is a formal group law.
Indeed, the series Ft(y,x) has the defining property of Fy(z,y) so Fy(x,y) = Fy(y,x). Similarly, the series
F¢(F¢(z,y),2) and Fy(z, Fy(y, z)) are both equal to x + y 4+ z mod (z,y, 2)? and they both commute with
f so the uniqueness clause in Lemma implies that F is associative. Thus Fy is an FGL, so we can
define [p]r, (x). Both this and f(x) are power series in one variable that commute with f and agree with px
modulo z2. By the same kind of uniqueness argument, we have [p] =1 O

PROPOSITION 14.3. Given two series f,g € F there is a unique strict isomorphism uysq: Fr — Fy.
Given a third such series h € F, we have ugp = ugp 0 uys g, and uy ¢(z) = .

PRrROOF. We start by applying Lemma with & = 1 and A\j(x) = z. This gives a unique power series
u=1usy withuo f =gowuand u(z) =2 (mod z?). We claim that this is a homomorphism of formal group
laws, or in other words that wo Fy = F, 0 u?. Indeed, Lemma implies that there is a unique series
G(z,y) such that G(z,y) =  +y mod (z,y)? and G o f? = go G, so it suffices to check that u o Fy and
F, o u? both have these properties. As u(z) =z (mod z?) and Fy(z,y) = Fy(z,y) = z + y mod (z,y)?, we
see that u(Fy(z,y)) = Fy(u(z),u(y)) = z +y mod (x,y)%. As Fro f2 = fo Fs and F,0g*> = go F, and
uo f = gou, we see that

qufof2 =uofoFr=gouolkFy
and
Fgougof2 :Fgogﬂou2 :goFgouQ,
as required. Thus, u is a homomorphism of FGLs. As u(x) = z (mod z?), it is even a strict isomorphism.
If v is any other strict isomorphism Fy — F, then we must have v o [p|r, = [p|F, o v, or in other words
vo f=gowv. Wemust also have v(r) = z (mod z?), so v = u.

Now suppose we have a third series h € F. It is clear that u, j o uy 4 is a strict isomorphism Fy — Fj,

so by uniqueness we must have ug 5 o uyy = usp. A similar argument shows that uys ¢(z) = . O

An important feature of the formal group laws F is that they allow us to define series [r];(z) € R[x]
for r € R, extending the definition for r € Z, that was given in Definition [T3.11}

DEFINITION 14.4. For r € R we define [r]¢(z) € R[z] to be the unique series such that [r]¢(z) = ra
(mod z?) and f([r]f(z)) = [r];(f(z)). (This is obtained by applying Lemmato A1(x) = re with f =
PROPOSITION 14.5. The series [r|¢(x) have the following properties.

(a) [0]f(z) =0 and [1];(x) = = and [p|s(z) = f(z).
(( ; [rlp (Fy (@, ) = Fy([r]y(2), [r]f (y)), so [r]s is an endomorphism of Fy.
(d)

N

[rs]p(z) = [r]; (sl (2)) and [r + s];(2) = Fy([r] (), [s];(2)) o
For any i,j > 0 there exists m > 0 such that [r]s(z) = [s]f(z) (mod p*,x7) whenever r = s mod
p™. (In other words, the construction r — [r]s(z) is continuous with respect to the p-adic topology

on R and the (p, z)-adic topology on R]x].)
(1t follows from (a) and (c) that [r]¢(x) is as in Definition[1.] when r € Z.)
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PRrOOF. Claims (a) to (c¢) involve various equations. In each case, both sides have the same linear term
and commute with f in an appropriate sense, so they are the same by the uniqueness clause in Lemma

If we fix ¢ and j, we know from Proposition that [p™]¢(x) =0 (mod p’,z7) for large m. Using (c)
it follows that [r]s(z) = 0 (mod p’,2?) whenever r € p™R, and thus that [r];(z) = [s];(z) (mod p’, 33])
whenever r = s (mod p™R).

We next want to understand the logarithm logp () € (Q ® R)[z]. It will turn out that p=" f"(z) —
logp, () for an appropriate sense of convergence, which we now explain.

DEFINITION 14.6. For r,s > 0 we define
U(r,s) = p" Rlz] + 2°(Q ® R)[],
which is an additive subgroup of (Q ® R)[z]. We declare that a subset V' C (Q ® R)[z] is open iff for all

v(x) € V, there exist r, s > 0 such that v(z)+U(r,s) C V. This gives a topology on (Q® R)[xz] with respect
to which the ring operations are continuous.

PROPOSITION 14.7. The elements p~" f"(x) converge to logp, (x) with respect to the above topology.

PROOF. Put g,(x) = p~"f"(x). We will first prove that there is an element g..(z) € (Q ® R)[z] such
that gm(z) = goo(x) as m — oo, then we will check separately that ge.(x) = logp(x).
Our assumptions on f(z) imply that there is a series e(x) with

f(@) =px+ 2" + pae(x).

Fix N > 0. Until further notice, all calculations will take place in the ring Qn = (Q® R)[z] /2", or the
subring Py = R[x]/z"™. Note that if u(z),v(r) € Qn with v(0) = 0 then we have a well-defined composite
u(v(x)) € Qn. From the above expression for f(z) we deduce the following: if u(z) € p* Py for some k > 0,
then f(u(z)) € p**!1 Py, and f(u(x)) — pu(z) € p** Py.

Now choose mg such that p"”™ > N. Using f(z) = 2?" (mod p) we see that f™(z) € p.Py. It follows
inductively that f(motk)(z) € p*+1. Py and fimotk+1)(z) — p f(mo+k) (1) € p?* Py. We can now divide by
P to get gmoakt1(T) — gmosk(z) € pP~LPy. This easily implies that the elements g,,(x) form a Cauchy
sequence in the complete metric space Qn. There is thus a unique polynomial go, n(z) € (Q ® R)[z] of
degree less than IV that represents the limit of this Cauchy sequence.

We now let N vary again. From the uniqueness clause above, it follows that geo n+1(2) must reduce to
goo.n(z) mod 2| so there is a unique power series go.(7) € (Q ® R)[z] with goo(z) = goon(x) (mod z™)
for all N. This means that ¢, () = goo(z) in Qp[z] as claimed. It is also easy to see that geo2(z) = = and
S0 goo(z) = & (mod z?).

Now put hi(z) = logp, (%) — goo(®), s0 h(x) = 0 (mod z 2). Note that logp, (f(2)) = logp, ([p|r, (z)) =
p logp, (2), and it is clear by construction that goo(f(2)) = pgec(2), so h(f(z)) = ph(x). Suppose we have
shown that h(z) = 0 (mod z") for some N > 2, say h(z) = axz™ (mod zV+1) for some a € Q ® R. The
relation h(f(x)) = ph(z) then gives pNaz™ = paz™ (mod 2N*1) so (p —p™¥)a = 0 so a = 0. This means
that h(x) = 0 (mod zN*+1). After applying this inductively we find that h(x) = 0, so logp(z) = goo(z) as
claimed. O

We now explain how to define a formal group G that does not depend on the choice of f € F.
DEFINITION 14.8. Given any R-algebra A, we define
G(A) = (F x Nil(4))/ ~,
where (f,a) ~ (g,b) if and only if uy 4(a) = b. We define a binary operation on G(A) by

[fal + (9, 0] = [g, Fy(ug4(a),b)],
so in particular we have
[Fyal + [£,8] = 1, Fy(a,b)]
For r € R and [f,a] € G(A) we also define r.[f, a] = [f, [r]r(a)].

PROPOSITION 14.9. G is a formal group over spec(R), and the endomorphism ring of G is R.
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PROOF. Fix h € F and define z: G — Al by z[f,a] = ugn(a). It is easy to check that this is well-defined
and is an isomorphism. This proves that G is a formal group.

Now let E be the endomorphism ring of G. For any m € E, we have an induced map m*: wg — wg of
R-modules, and wg is free of rank one over R, so this is multiplication by an element §(m) € R. This defines
a homomorphism §: E — R, which is injective by Corollary On the other hand, it is easy to see that
our definition r.[f,a] = [f, [r]f(a)] gives a map p: R — E, with 6 o p = 1. As ¢ is injective, it follows that ¢
and p are mutually inverse isomorphisms. O

15. Moduli schemes of morphisms

Suppose we have two formal groups, say Gg and (G1, over the same scheme S. As discussed previously,
a homomorphism from Gy to G; means a map f: G — H of formal schemes that is compatible with the
projections to S and with the group structures. Thus, for any ring R we have a set S(R), and bundles G(R)
and H(R) of groups over S(R), and a natural map fr: G(R) — H(R) of bundles of groups. We will write
hom(Gy, G1) for the set of homomorphisms in this sense. This is easily seen to be an abelian group under
pointwise addition. Also, if we have a third formal group G2 over S then the composition map

hom(Gl, Gg) X hOHl(GQ, Gl) — hOIIl(G'O7 GQ)

is additive in both variables.

Now suppose we have coordinates x¢ and x; on Gg and G1, giving rise to formal group laws Fy and Fj
over Og, so x;(a +b) = F;(x;(a),z;(b)) . There is then a unique power series mys(t) = >, a;it" € Oglt]
such that z1(f(a)) = my(zo(a)), and this is a homomorphism of formal group laws from Fy to Fj.

Rather than just considering the set hom(Gg, G1), it is often natural to consider an analogous scheme.
Specifically, suppose we have a ring R and a point a € S(R). This gives formal groups G;, = spec(R) x5 G;
over spec(R) for i = 0,1. We put

Hom(Go, G1)(R) = {(a, f) | a € S(R), f € hom(Goa,G14)}
This defines a functor from rings to sets.

PROPOSITION 15.1. The functor Hom(Gg, G1) is a scheme, as is the subscheme Iso(Go, G1) of isomor-
phisms.

ProOF. For i = 0,1 we choose a coordinate z; on G;, and let F; denote the associated formal group
law. Put

Ao = Oslay, ag, . .. ],
and define m(t) =Y, a;t* € Ap[t]. Let J be the ideal in Ay generated by the coefficients of the series
m(Fo(s,t)) — Fi(m(s), m(t)) € Ao[s, t].
Put A = Ag/J. Then it is not hard to identify Hom(Gp, G1) with spec(A), so it is a scheme as claimed.
Similarly, we have Iso(Go, G1) = spec(Afa;']). O
EXAMPLE 15.2. Put
G = spec(Fp) x Gq = spf(Fp[z]),

and consider this as a formal group over IF,,. Then Hom(G, G) is the scheme A from Definition Explicitly,
for any F-algebra R, the set A(R) is the set of power series f(t) € R[t] of the form f(t) = >+, at?".

DEeFINITION 15.3. In the above context, we note that wg, and wg, are both free modules of rank one
over Og, as is Hom(wg, ,wg, ), so we have a scheme A(Hom(wg,,wa,)) over S as in Example Given a
point (a, f) € Hom(Go, G1)(R) we have a map

[ we, = W,
and thus a point (a, f*) € A(Hom(wg, ,wg,))(R). This construction gives a map
d: Hom(Gy, G1) = A(Hom(wg, ,wa, ))-
ProprosIiTION 15.4. If Og is a Q-algebra, then the above map d is an isomorphism.
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PRrROOF. This is essentially a reformulation of Proposition (a), but we will give an independent
argument.

Using Proposition we can choose additive coordinates xy and 1 on Gy and G7. We note that dx;
is a generator for wg,, so there is a unique element u of Hom(wg,, wg,) such that u(dzy) = dxg.

Now Hom(Gy,G1) corresponds to the functor Alg, — Sets that sends B to the set of power series
f(t) =3 ,00mitt with f(s+t) = f(s) + f(t). As Og is a Q-algebra we know that all binomial coefficients
are invertible in Og, and it follows that m; must vanish for ¢ > 1, so f(¢) = m1t. We also see that d(f) = mqu,
and it is clear from this that d is an isomorphism. O

Now suppose we have formal groups Gy and G, over different base schemes Sy and S;. We then define
Hom(Go, G1)(R) = {(ao, a1, f) | ao € So(R),a1 € S1(R), f € hom(Go,a9;G1,0,)}-

(In principle this could cause some ambiguity in cases where S; happens to be the same as Sy, but we will
add clarifying remarks where necessary.) It is easy to see that this is again a scheme, as is the subfunctor

ISO(GO7G1)(R> = {(a07a’1?f) | ap € SO(R)val S SI(R)af: G07a0 i> Gl,a1}~

REMARK 15.5. In topology, these schemes arise as follows. Suppose we have even periodic cohomology
theories represented by spectra Ey and Ej, giving rise to formal groups G; = spf(E?(CP*>)) over S; =
spec(mg(E;)). There is then a natural map

spec(mo(Eg A Ev)) — Iso(Gy, Gh),

which is an isomorphism under certain natural conditions that are often satisfied. Next, the object mo(Eg A
(Q°FE7)4+) has two different products, and the second product induces a ring structure on the group of
indecomposables with respect to the first one. It turns out that there is a natural map

spec(Ind(m(Ep A (Q°E1)4))) = Hom(Go, G1)

which is again often an isomorphism.

16. The Morava stabiliser group

In Example we considered the moduli scheme of automorphisms of a formal group of infinite height,
and mentioned its importance in algebraic topology. This scheme has natural geometric structure, and so
does not behave like an ordinary discrete group.

By contrast, if we have formal groups G; of height n over base schemes S; over spec(F,), then the scheme
Hom(Gy, G1) behaves much more like a discrete set, at least if the rings Og, are sufficiently close to being
algebraically closed. Moreover, the relevant discrete set does not depend very strongly on the choice of G
and G;. We will postpone any justification of this claim, but we will use it to motivate our approach in this
section: we will pick a specific formal group of height n, and investigate its endomorphisms.

Fy be the formal group law over Z,) with logarithm logy(z) = prm/p", as in Proposition [8.1) and we

let F' denote the resulting FGL over F, C k. We put S = spec(k) and G = S x &1, with the formal group
structure determined by F'. We put D = end(G) and I' = D* = aut(G). We call ' the Morava stabiliser

group.

DEFINITION 16.1. In this section, we fix a prime p, an integer n > 0, and a field k of order. We let

REMARK 16.2. We will show that I is a p-adic analytic Lie group of dimension n?. It turns out that
various cohomology groups of I' are of great importance in chromatic homotopy theory. These cohomology
groups are hard to calculate. However, it turns out that there are certain open subgroups of finite index
whose cohomology is very simple, and this is a good way to start the calculations.

DEFINITION 16.3. For any f € D, we let [f](t) € k[t] be the power series such that z(f(a)) = [f](z(a))
for all @ € G. (Elsewhere we have written my(¢) for [f](t), but here we want to emphasise the fact that
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[f1(t) = [n]p(t) when f =n € Z C D.) We note that

[f +9l(t) = F([f1(®), [9)(1))
[f o 91() = [f1(lg](1))

(
(I]
pl(t) = [Pl (t) = "
We also define
Jm =A{f € D] [f](t) € " k[]}.

It is easy to see that this is a two-sided ideal in D, with Jp,J; < Jpyj and D =lim D/ J,,.
—m

PROPOSITION 16.4. (a) There is an element s € D with [s](t) = tP. This satisfies s =p in D.
(b) For each a € k there is an element T(a) € D with [r(a)](t) = at. These satisfy T(ab) = 7(a)7(b)
and 7(0) =0 and 7(1) =1 and s7(a) = 7(aP)s.

PROOF. (a) The formal group law Fy has the form Fy(to,t1) =3, ; aijtht] with a;; € Zp), which
means that a}; = a;; (mod pZ). From this it follows that over F, C k we have F(to,t1)? =
F(th, 7)), 50 the series [s](t) = t¥ gives an endomorphism of G, as required. From [s](t) = t¥ we get
[s¥](t) = t*" for all k and so [s"](t) = tP" = [p](t), so s™ = p in D.

(b) Consider the ring U = Z,)[u]/(u?" — u), and note that in U we have w?"™" = for all k> 0. In
(Q® U)[t] we therefore have
upnktpnk k

utp’Vl
logF(ut):Z - :Z p: = u logp(t).

k p k

By taking ¢t = F(to,t;) and applying logn' we get uF(to + t1) = F(utg,ut;), so the series ut gives
an endomorphism of Fy defined over U. For any a € k we have a?” = a, so there is a unique ring
homomorphism U — k sending u to a. By applying this to the above endomorphism, we conclude
that there is an element 7(a) € D with [7(a)](s) = as as claimed. Clearly [7(a)]([7(D)](t)) = abt =
[T(ab)](t) so T(ab) = 7(a)7(b). The identities 7(0) = 0 and 7(1) = 1 are also clear. Moreover, we

have
[s]([m(a)](1)) = [s](at) = a?t” = [ (a”)]([s](£))
so s7(a) = 7(aP)s. o

PROPOSITION 16.5. Every element f € D has a unique expansion f = > o _ 7(am)s™ with a,, € k.
Moreover, f is invertible iff ag is nonzero.

PRrROOF. For any f € D, put ag = [f]'(0) € k and fo = f — 7(ap). Then f}(0) = 0, so Proposition
tells us that fjy factors uniquely through the relative Frobenius map, which is called s in our current notation.
In other words, there is a unique f; € D with f = 7(ap) + f1s. An evident induction based on this gives a
sequence of elements a; € k and f; € D with f = Zj<i7(aj)sj + fist and f; = 7(a;) + fiz1s. In the limit
we get f = >, 7(a;)s" as required. It is clear that the map f +— [f]’(0) gives a ring homomorphism from
D to k, so if f is invertible then ag # 0. Conversely, if ag # 0 then we can write f as 7(ag)(1 — g) with
g € Ds = Ji , and it follows that the sum }, ¢’1(ag") converges in D to an element h with fh = 1. A
similar construction gives k with kf = 1, and then we have k = k1 = kfh = 1h = h, so h is a two-sided
inverse for f. |

COROLLARY 16.6. D is a free module of rank n* over Z,.

PrOOF. Let X be the set of sums Zz;lo T(m)s™ with a,, € k, so |X| = P’ < co. As p = s, the
proposition tells us that every element of D has a unique representation ;TP with z; € X. It follows
that D is generated by X, so in particular it is finitely generated. It also follows that the map X — D/p
is bijective, so |D/p| = p™", so the rank of D must be n2. We can thus choose Y C X with |Y'| = n? such
that Y gives a basis for D/p over Z/p. It then follows easily that the resulting map Z,{Y} — D is an

isomorphism. 0
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DEFINITION 16.7. We let W denote the subset of D consisting of sums Zj 7(a;)p? with a; € k.

PROPOSITION 16.8. (a) An element f € D lies in W iff it commutes with T(a) for all a € k.
(b) W is a commutative subring of D. It is a free module of rank n over Z, with W/p =k, so it is an
object of the category W described in Section[13
(c) D is free as a left module over W, with basis {s* | 0 < i < n}. It is also free as a right module,
with the same basis.
(d) Fora € W we have sa = ¢(a)s, where ¢: W — W is the lifted Frobenius map, as in Corollary.
(e) The centre of D is Z,.

PROOF. (a) If f =3, 7(a;)s’ then

7(u) " fr(u) = Zr(upi_lai)si

i

for all w € k*. If u is a generator of k* then it has order p™ — 1, so uP' 1 s only equal to 1 if 4

is divisible by n. It follows that f commutes with 7(u) iff a; = 0 whenever i is not divisible by n,
which means that f =}, anjs™ = > an;p’ € W.

(b) From (a) it is clear that W is a subring. Every element of W can be written uniquely as Y, 7(a;)p’
with a; € k, so by the method of Corollary we see that W is free of rank n over Z,. We also
see that WW/p maps isomorphically to k, so W € W.

(¢) We can define 8: W™ — D by p(w) = Z;:Ol w;s'. From what we have said already it is clear that
this gives an isomorphism W™ /p — D/p, and both W™ and D are free of rank n? over Z,, so 3 is
an isomorphism. Essentially the same argument shows that we also have a right module basis.

(d) This is clear from the formula st(a) = 7(a?)s.

(e) If f € D and f commutes with 7(u) for all u then we have f = >, 7(a;)p’ for some a; € k. If f
also commutes with s then we find that af = a; for all 4, so a; € F,,. From this we see that f € Z,.

(]

DEFINITION 16.9. For w € W \ {0}, we define v,(w) to be the largest k such that w € p*W. We also
define v,(0) = oc.

DEFINITION 16.10. For f € D, we define u(f) € M, (W) to be the matrix such that
n—1
fs' =" s u(f)i
§=0

for 0 <i < n. We also define

MD = {m e M,(W) | mj; € pW when j < i}
= {m € M, (W) | m is lower triangular mod p}.

PROPOSITION 16.11. The map p gives an injective ring homomorphism D — M D. Moreover, for any
f € D, the characteristic polynomial of p(f) lies in Zy|t].

PROOF. First, if f = """ a,,s™ with a; € W we find that

n—1 n—1
fsl = Z a'rnSm+2 = Z 5m+1¢77n72(am)'
m=0 m=0

In cases where m + i > n, we can write s™% as p.s™+i~" After reindexing the terms, and noting that
o™ = 1, we obtain
¢*j(a-,-) ifi<j
u(f)ji = { o

p(b_j (a’jfz#n) lf] < 1.
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This shows that u(f) € MD. As u(f)jo = ¢ (a;), it is easy to see that u is injective. We also have
fas' = f5u(g)ji =D " u(f)mjir(9)sa
J m,j

=" () 9))mi

so u(fg) = u(f)u(g), so p is a ring homomorphism. Next, a straightforward calculation gives det(u(s)) =
(—=1)"p, so in particular det(u(s)) # 0.

Now let x(t) be the characteristic polynomial of u(f). Let ¢(u(f)) be the matrix obtained by applying ¢
to each entry in p(f). We then find that p(s)u(f) = ¢(u(f))u(s). After taking determinants and cancelling
det(p(s)) we get det(u(f)) = ¢(det(u(f))), so det(u(f)) € Z,. After replacing f by t — f with ¢ € Z,, we see
that x(t) € Z,, whenever t € Z,,. From this it follows easily that the coefficients of x(¢) lie in Z,,. O

ExampLE 16.12. If n=4 and f =ap + a1+ ass% + ass® then

ag basz baz paq
u(f) = ¢~ a1) ¢ ao) po~'(az) po~'(az)
¢ 2(a2) ¢ %*(a1) ¢ *(ao) po*(as)
¢ 3(az) ¢ (az) ¢ *(ar) ¢ *(ao)

DEFINITION 16.13. For f € D we define trace(f) and norm(f) to be the trace and determinant of the
matrix p(f). (These lie in Z,, by the proposition above.) We call them the reduced trace and determinant
of f. We put

ST =ker(det: I' = D* — Z).

For m > 0 we also put I';, =14+ s"D =1+ Ds™ < I" and ST,,, =I',, N ST. All these subgroups are easily
seen to be normal. The notation z = y + O(m) will mean that x —y € s™D; if x and y are in ' this is
equivalent to 2Ty, = yI'y,,. We also write o(m) for O(m + 1).

DEFINITION 16.14. For z,y € D we write [z,y], = zy — yx. If 2,y € D* we also write [z, Y], =
1

xya:_ly_ .
LEMMA 16.15. Suppose that x =1+a andy =1+ b witha € s'D and b € s’D and i,j > 0. Then
[z,9]e = [a,b], € 59D
zy=1+a+b+0(+j) =1+ O(min(s,j))
ryr~t =y 4+ [a, b, + O(2i + §)
[z, Y]m =1+ [a,b]q + O(i + 7 + min(i, 5))

xp_{1+ap+0(pi) ifi<n/(p )

(p—1
l+pa+o(i+n) ifi>n/(p—1).
)

Note that we have said nothing about z? in the case where i(p — 1) = n; this case will be discussed later.

PrOOF. The following identities can be verified by substituting # = 1+ a and y = 1 + b and expanding
out:

vy —(1+a+b)=abesD
[z,9]a = [a,b], € 8D
(zyz~' —y — [a,bla)x = —[a,blea € s>V D
([, ylm — 1 — [a,b]a)yz = [a,ble(—a — b — ba) € sHIFminGi) p,

As z and y are invertible, our first four claims follow from this. For the last claim, note that
b

a?—1=Y (h)a™

m=1
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For m < p, the binomial coefficient is divisible by s™ = p, so the m’th term is divisible by s™*". On the

other hand, the p’th term is divisible by sP*. If i < n/(p — 1) then mi +n > pi for 0 < m < p and so

2P —1 = aP + o(pi). On the other hand, if i > n/(p—1) then pi > i+n and alsomi+n >i+nforl <i<p

so zP — 1 = pa + o(i + n). O
LEMMA 16.16. For any positive integer k we have v, (p;) >(1—kp)/(p-1).

—1

PROOF. Put m = (pk ) From the definitions we have
k—1

m=&)"'p [ - pi),
=0

s0 vp(m) = —k—uvp(k!). By Lemmal6.5 we have v, (k!) < (k—1)/(p—1) and so vy(m) > —k—(k—1)/(p—1) =

(1—kp)/(p—1). 0
COROLLARY 16.17. (a) T'/Ty is isomorphic to k*
(b) For i > 0 the quotient T';/T;11 is isomorphic to k, considered as a group under addition.
(€) [Li,Tj]m < STy,
(d) The centre of I' is 7
(e) Ifn is not divisible by p then 'y is isomorphic to (1 + pZ,) x STy.
(f) Suppose that i > n/(p—1). Then the map x — xP gives a homeomorphism T'; — T';1,,. Moreover,

this induces a group isomorphism T;/Ti11 — Titn/Titnt-

PROOF. (a) Follows from the ring isomorphism D/sD =k

(b) The map a + 1+ 7(a)s® (mod I';;1) gives the required isomorphism.

(c¢) As ST is the kernel of a homomorphism to the abelian group Z, , we see that all commutators are
contained in ST'. From the relation for [z, y],, in the lemma, we see that [I';,I';] < Ty ;.

(d) We saw in Proposition that the centre of D is Z,, and the claim is clear from that.

(e) If n is not divisible by p then the map w +— u™ is bijective on 1 + pZ,, so we can define a map
p: (14 pZy,) x STy — Ty by p(u, ) = u/"z. We find that norm(u(u, )) = u, and using this it is
not hard to see that u is an isomorphism.

(f) Define a: s°'D — D by a(z) = (1 + x)? — 1. This is easily seen to be continuous, with image in
st D. Now suppose we have y € st"D. Asi > n/(p — 1) we have i + n = np/(p — 1) + € with
e > 0. By Lemmam for k > 0 the binomial coefficient (p;) is a Z,-multiple of p(—Fr)/(P=1) =
sn(=kp)/(p=1) " g0 (p;)yk € sn/(P=D+keD We can thus define B(y) = 3, (p;)yk and this lies
in s*/(P=D+ep_ A little algebra gives n/(p — 1) +€ =1, so 8: sT"D — s'D. Tt is now easy to see
that f8 is inverse to «, so a is a homeomorphism as claimed. From the last part of Lemma [16.15]
we see that the induced map I';/T;11 — Tiyn/Titns1 is a group isomorphism.

O

LEMMA 16.18. Suppose that i > n (or i > 2n in the case p = 2). Then the group T;/T;i1, is elementary
abelian, and is central in Ty, /T;y,. Moreover, the map x — P induces a group isomorphism T;/Titn, —

Fi-‘rn/Fi—i-Zn .

PROOF. From Lemma we have [[',,T';] < T';1,. This proves that T'; /T4, is central in T, /T pp,
and so is abelian. We have seen that the p’th power map sends I'; to I';4,,, so I'; /T, 1,, is elementary abelian.
Now suppose we have z,y € I';. We then have yx = xyz for some z € I';1,,. If we work mod T";;9, then z
becomes central and it is not hard to prove by induction that (xy)™ = My m=0/2 for allm > 1. If p is
odd then p(p — 1)/2 is divisible by p and 2P € T'; 19, so (zy)? = 2Py? (mod T';y2,). It follows that the p’th
power map gives a well-defined isomorphism I'; /T;1,, = T4 /Tiqan. If p = 2 we are assuming that ¢ > 2n
and it follows that z is already in I';1 9, so we get the same conclusion. O

REMARK 16.19. This lemma means that I'; is a powerful pro-p group when i > n (or ¢ > 2n in the
case p = 2). Many of our results could be proved more generally for powerful pro-p groups, but we will not
develop that theory, and will instead give ad hoc arguments for the group T.
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LEMMA 16.20. Let (a1,...,an2) be a basis for D over Z,. Define 7: Z;}Z) =T, =1+pD by
(k) = (1+par)* - (1 + payz)*s2.
Then v is a homeomorphism.
PROOF. It is clear that fy(p’ZZQ) < T'(14i)n, and that v induces a well-defined map

.2
P'Zy, Ti4iyn

N 2 % b
Py Cotiyn

Vit

which is an isomorphism of elementary abelian p-groups.

Now suppose we have z € I', and we have found k € 222 with v(k) =  (mod T'y,,). We then have
(k) = xy~! for some y € T',,,. By the above observation, there exists j € pmflzgf with v(j) = v
(mod T (1, 41),,). Now each element (1 + pa,. )’ lies in T',,, and so is central mod [(m+1)n- Using this we
see that (i + j) agrees with # modulo I'(,11),. By iterating this, we get a convergent sequence in Zf
whose image under  converges to x. By passing to the limit, we see that x is in the image of v. As = was
arbitrary, we see that v is surjective. A similar inductive argument shows that it is also injective. It is thus
a continuous bijection between compact Hausdorff spaces, and therefore a homeomorphism. ]

LEMMA 16.21. Consider elements a = Zz;é aps" € D (with ap, € W) and x = 1 + ap's’ € Ty (with
i,j >0 and j <n). Then the element norm(z) € Z; can be approzimated as follows.
(a) If 7 > 0 then norm(x) = 1 (mod p‘*!).
(b) If j = 0 then norm(z) = 1+ p'b (mod p**!) where

m—1

b = tracey,z,(ao) = Z 9" (ao) € Zp.

r=0

PROOF. We have as’ = Y, aj,s" for certain elements a) € W. If j > 0 we find that af, = pa,,—; € pW,
and it follows that the matrix p(as’?) is divisible by p on the diagonal as well as above it. This means that
u(z) is one mod p**! on the diagonal, and zero mod p**! above the diagonal, so det(u(z)) =1 (mod p'*?)
as claimed.

Now consider the case where j = 0. Put y = 1 + agp’ and z = y~'x so 2 = yz. Then z € 1 + p'sD,
so norm(z) = 1 (mod p**!) by the previous case, so norm(z) = norm(y) (mod p'™t). Now u(y) is just the
diagonal matrix with entries 1 4+ ¢~"(ag)p’, so norm(y) is just the product of these entries, which is easily
seen to be 1+ p'b (mod p**!) as claimed. O

1

We have mentioned that the cohomology of the group I' is important for applications in stable homotopy
theory. In order to calculate the cohomology, one needs to know whether I' has any finite p-subgroups. The
following result will help with this.

LEMMA 16.22. Put R = Z,[v]/(vP~! + p) and

p—1
p(t) = (" = 1)/(t=1) = "
i=0
Then R contains an element u with u = v (mod v?) and (1 + u) = 0, and R can also be described as
Zylu] /(1 + u). Moreover, for any m € F) there is an automorphism ¢™: R — R with ™ (v) = 7(m)v,
and this satisfies Y™ (1 +u) = (1 +u)™.

PROOF. Note that R freely generated as a Z,-module by {1,v,...,v?~2}, and has R/v = F,. From this
it follows that every element of R is a unit multiple of v* for some 7, and that R is an integral domain.
Put ug = v, and note that

p p—1 p—1
(I4+wu)?-1= z:(f)vz =v(p+oP )+ Z(’i’)fui =) (?)v' € Rpv? = RoPT.
i=1 i=2 i=2



Suppose more generally that we have found u,, with u, =v (mod v?) and (1 + u,,)? — 1 € RwPTH™ Let
a be such that
I+uny)P—-1= avP ™ = —pay™*2,

m+2 which is again equal to v mod v2. We then have

and put up41 = Uy, + av
p
(4 tmp1)? = 1= =14 (D)2 (1 4 upy )P~
i=0

We claim that this is zero mod vP+2+™ = —py™+3, Indeed, the term for i = 0, together with the —1, gives
—pav™*2. The term for i = 1 is pav™*2(1 + u,,)?~1, and wu,, = v (mod v?), so this all cancels modulo
pu™+3, just leaving the terms for 1 < i < p. Each of these is divisible by pv>(™+2) and 2(m +2) > m + 3, so
the claim follows. AS ;41 = Uy, (mod vm+2) we see that the elements u,, converge p-adically to an element
u with (1+u)? = 1, or equivalently up(1+u) = 0. As u = v (mod v?) we find that u is a unit multiple of v
and so uP~! is a unit multiple of vP~! = —p so u is not a zero divisor so ¢(1+u) = 0. Note also that p(1+u)
is a monic polynomial of degree p — 1 in u. Also, as u = v (mod v?) we find that {u’ | 0 < i < p— 1} is
another basis for R/p over F,, and thus also for R over Z,. Using this we can identify R with Z,[u]/¢(1+u).

Next, as ¢(1 +u) = 0 we have (1 +u)? = 1 so it is meaningful to write (1 + u)™ for m € F\. We put
Um = (1 +u)™ — 1. This has u,, = mv (mod v?), so the elements u,, are distinct and nonzero. We also
have (1 4+ um)? = (1 4+u)™ =1 s0 (1 + u,,) = 0. We thus have p — 1 distinet roots of ¢(t), so this must
be a complete list of roots.

Next, recall that the map 7: F, — Z,, is injective and multiplicative, so 7(m)?~! =1 for all m € F . Tt
is clear from this that there is an automorphism ¥™ sending v to 7(m)v. This must send u to some root of
¢(1 +1t), and thus to u; for some j. As u =v (mod v?) and u; = jv (mod v?) we find that j = m. O

LEMMA 16.23. Let H be a finite subgroup of T'. Then the subgroup N = H N (14 sD) is a p-group and
is normal in H, and H/N 1is a cyclic subgroup of order dividing p™ — 1 (and thus coprime to p). Moreover,
there is a section of the projection H — H/N, so H is a semidirect product of H/N with N.

PROOF. We have seen that 1 + sD is normal in I' with I'/(1 + sD) = k* ~ Cpn_q1. From this it is
clear that N is normal and that H/N has the claimed structure. Consider a nontrivial element z € N, so
=1+ as’® for some i > 0 and some a € D \ sD. It follows that 2™ = 1 + mas’ (mod s'*1) for all m € Z,
and thus that 2™ # 1 if p does not divide m. This implies that N must be a p-group.

Now choose an element h € H that projects to a generator of H/N. Then h generates a cyclic group,
which we can split as the product of a p-part and a p’-part. It is then easy to see that the p’-part maps
isomorphically to H/N, so H is a semidirect product. O

We now want to understand something about the finite p-sugroups of I'; which are contained in 1+ sD
by the lemma. For p = 2, it is easy to see that the only element of order p in D* is —1. For odd primes we
have the following:

PROPOSITION 16.24. Suppose that p > 2. If n is not divisible by p — 1, then the only finite p-subgroup
of I' is the trivial group. If n is divisible by p — 1 then I' contains a copy of Cp, but does not contain a copy
of C’f,.

PROOF. We are looking for elements x € D with ? = 1 but  # 1. In other words, the element u = x—1
should satisfy ¢(1 4+ u) = 0, so we have a ring map from Z,[u]/¢(1 + ) to D. In view of Lemma it is
equivalent to look for elements v € D with ¥P~1 + p = 0. Note that v cannot be zero, so we have v = 7(a)s
(mod s°t1) for some i > 0 and some a € k*. This means that v?~! is a unit multiple of s??~1)? whereas
p = s", so we can only have vP~! + p = 0if n = (p — 1)i. This proves the first claim.

Now suppose that n = (p — 1)i. Choose a generator a € k* =~ Cpn_1. We have assumed that p > 2 so
(p*—1)/2 € N and aP"~1/2 is a primitive square root of 1 so it must be equal to —1. Put b = 7(aP =D/2)4t,
One can check by induction that v/ = 7(a®”~1/2)s%  and thus that v*~! = 7(a?"~1/2)s" = —p. Thus, we
have a copy of C}, in I'.

Now suppose we have two commuting elements ug,u; # 1 with «? = 1. These give two commuting
elements vy, v1 € D with v? 1= —p. By our earlier analysis, both vy and v; must be invertible multiples
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of s%, so v; = zwg for some z € D*. As vy and v; commute, we see that zP~1 = 1. It follows that the
image of z in D/s = k* must actually lie in F)f. Thus, we have z = 7(c)(1 + d) for some ¢ € F) and
d € sD. As 7(c) is central and has 7(c)?~! = 1, we see that (1 + d)?~! = 1. However, we also have
(1+d)P~ =1+ (p—1)d (mod d?) and it follows that we must have d = 0. This means that v; = 7(c)vo,
and it follows that 1 4+ u; = (1 + u)®. The, the subgroup generated by u¢ and w; is just a Cp and not a
cz. 0

PROPOSITION 16.25. There is a finite set A C I' such that the subgroup generated by A is dense in T.
In other words, T is finitely topologically generated.

PrOOF. Put N =np/(p —1) =n+n/(p — 1) (which may or may not be an integer). Let A consist of
the elements 7(a) for a € k*, together with the elements 1 + 7(a)s’ with a € k and j < N. Let H be the
subgroup generated by A. We need to show that H is dense, or equivalently that HI'; = I' for all 7 > 0,
which we will prove by induction. The claim is clear for j = 1, because I'/T';y = k* and 7(k*) C A. For the
induction step, it will suffice to show that for all j > 0 and all z € I'; there exists y € H with zy~' € T'j1.
If j < N then it is clear that we can even take y € A. Suppose instead that j > N, and that z = 1 4+ a with
a € s7D. This means that x = 1 + pb with b € /"D, and j —n > n/(p — 1). By induction there exists
z € H with 2z =1+b (mod s/~"*1). Now 2P € H, and the last part of Lemmatells us that 22 =1+a
(mod s7T1), as required. O

17. Divisors

DEFINITION 17.1. A Weierstrass series or W-series of degree n over a ring R is a power series f(x) =
> parz® € R[z] such that a, is a unit and ay, is nilpotent for k < n. A Weierstrass polynomial or W-
polynomial is a W-series that is also a monic polynomial of degree n.

PROPOSITION 17.2. Let f(x) be a W-series of degree n > 0 over a ring R. Then there is a unique map
a: Rly] — R[z] of R-algebras such that a(y) = f(x), and this makes R[z] into a free module over R[y]
with basis {1,x,...,a" 1}

PROOF. Write f(z) = 3, axz® and I = (ay, | k < n), so I is a nilpotent ideal. After replacing f(z) by
f(x)/a, we may assume that a,, = 1. As [ is nilpotent it is easy to see that f(z) is nilpotent modulo z for
any N. Thus, given any series g(z) = Y, bpy* € R[y] the series g(f(z)) = >, bi.f(z)* converges in R[z].
We can thus define a(g) = g(f(z)) to get the required map o.

We claim that {1,z,...,2" '} is a basis for R[z] over R[y]. To see this, we define elements z,, for
m > 0 as follows. There is a unique way to write m = nk + j with 0 < 7 < n and k > 0, and we put
Zm = f(x)*27. Our claim is easily equivalent to the statement that any element of R[x] can be written
uniquely in the form ) b,z for some sequence of elements b, € R.

To prove this, it is convenient to consider a more general statement. For any R-module M we define a
map

O [ M — M[a]
m>0
by 0(b) =3, bmzm. Thus, our claim is that 6 is an isomorphism.

Suppose that IM = 0, and consider a series ¢ =), cxz® € M|x]. For any b,, € M we have Ib,, = 0
so f(x)kb,, = 2™b,, (mod z**1) 50 2,,b, = 2™b,, (mod x™F1). Given this, an easy induction shows that
there is a unique sequence of b,,’s such that ¢ = >_ bjz; (mod x™) for all m. This proves that s is an
isomorphism when IM = 0.

Now suppose we have a short exact sequence L — M — N of R-modules, and that 6y and 0y are
isomorphisms. We then have a diagram

j<m

I, — 1L, M — II,,N

ool

L[z] —— MJ[z] — NJ[z]
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It is trivial to check that the rows are exact and a diagram chase shows that 8, is also an isomorphism. We
can now use that short exact sequences I*/I*+1 s R/I**! — R/I* to show that Or/r+ is an isomorphism
for all k. For k> 0 we have I* = 0 and we conclude that 65 is an isomorphism as claimed. O

COROLLARY 17.3. If f(x) € R[x] is a W-series of degree n then f(x) is not a zero-divisor in R[z], and
R[z]/f(z) is a free module over R with basis {1,x,..., " 1}. O

COROLLARY 17.4. If f(x) € R[x] is a W-series of degree n then there is a unique factorisation of the
form f(z) = u(z)g(z) where u(z) € R[z]* and g(z) is a W-polynomial of degree n.

Proor. The previous corollary tells us that there are unique elements b; € R such that —z" =
Z;L;Ol bjz? (mod f(x)), and it is clear that g(z) = 2" + Z;L;Ol bjz’ is the unique monic polynomial of
degree n such that f(z) divides g(z), say g(z) = f(x)v(x). As f(x) is not a zero-divisor, the series v(z) is
uniquely characterised by this. Modulo I we know that 2™ divides f(x) and thus g(x), but g(x) is a monic
polynomial of degree n so g(x) = 2™ (mod I) (which implies that g is a W-polynomial). As f(x) is a unit
multiple of 2™ modulo I, we see that v(0) € R* and thus v(x) € R[z]* so we can take u(z) = 1/v(z). O

LEMMA 17.5. Let f and g be monic polynomials of degree n and m over a ring R, such that f(x)g(z) =
2"t Then f and g are W-polynomials.

Proor. Write f(z) = >, a;z’ and g(x) = di<m bjzl, so a, = by, = 1. Fix k with 0 < k < n; we
may assume inductively that a; is nilpotent for j < k. It will suffice to show that some power of a;, lies in
the nilpotent ideal I = (ag, ..., ax—1), so we can work modulo I and thus assume that a; = 0 for j < k. By
considering the coefficient of z* in the equation f(z)g(z) = 2"*™ we see that ayby = 0. We claim that more
generally we have a}"'b; = 0 for i = 0,...,m. Indeed, if this holds for i < j then aig(m) = aibjxj +0(j+1),

J n+m

so it also holds for i = j by considering the coefficient of z**% in the equation a,g9(z)f(z) = ajx . The

case j = m gives a;' = 0, as required. O

REMARK 17.6. One can make a sharper statement as follows: if the coefficients a; and b; have degrees
n—1 and m — j respectively, then any monomial of total degree greater than nm is zero. We will not explain
the proof here.

DEFINITION 17.7. A formal curve over a scheme X is a formal scheme C over X of dimension one, so
that C ~ X x Al. Of course, a formal group is a formal curve, but in this section we will not need the group
structure.

DEFINITION 17.8. Let C be a formal curve over a scheme X.
(a) We define
N={f:C— A"} <{f:C— A} =0c.

This is clearly an ideal in O¢.

(b) Given an ideal J < O¢, we define a functor V(J) C C by
V(N)(R)={ce C(R)| f(c)=0forall f e J}.
We also define
VJ={feOc| ¥ eJ for some K}.
(c) We put
D (C)={J < O¢ | N <VJand Og/J is free of rank n over Ox }.

(d) We define W, (C) to be the set of functions f € O¢ such that the ideal (f) is an element of D, (C).

Note that OF acts on W, (C) by multiplication and we have a map W, (C)/OF — D} (C) sending
f 1o (f).

PROPOSITION 17.9. Take C = X x AL, write R = Ox, and identify Oc with R[z] in the usual way.
Then N is the set of series f(x) € R[x] such that f(0) is nilpotent. Moreover, W, (C) is the set of W-
series of degree n over R. Thus, if P,(R) denotes the set of W-polynomials of degree n over R, we have
W, (C) ~ P,(R) x OF and D} (C) = W, (C)/Of ~ P,(R).

49



ProOF. The first statement follows from Proposition and it follows in turn that N < v/J if and
only if x € V.

Next, let f be a W-series of degree n. We claim that J = (f) € D;f(C), so that f € W,F(C). In view
of Corollary we may assume that f is a W-polynomial. As the lower coefficients of f are nilpotent, it
is clear that 2" is nilpotent mod .J, and thus that z is nilpotent mod J, and thus that N < v/J. We also
know from Corollary that R[z]/f(x) is free of rank n over R, and the claim follows.

Next, suppose that J € D, (R). We claim that J is generated by a W-polynomial of degree n. To see
this, A = R[z]/J. By assumption, this is a free module of rank n over R. Moreover, z € N < /J so 2% =0
in A for some K.

For any element z € R[z] we define u,: A — A by p.(a) = za. If p(t) is a polynomial over R then
clearly fi,(2) = plp-)-

The map p, is an R-linear endomorphism of the free module A, so it has a characteristic polynomial f(¢),
which is a monic polynomial of degree n over R. The Cayley-Hamilton theorem tells us that p ) = f(pz) =
0,80 f(x) = pup(zy(1) =0in A, so f(z) € J. Next, recall that 2 € J for some K. Write s = Zf{ o aIti
so that (t — x)s = t € A[t]. We can regard iy, js and p; as R[t]-linear endomorphisms of A[t]. If we
let g(t) be the determinant of u, then we find that f(t)g(t) = t"¥. It follows from Lemma that f(¢)
is a W-polynomial of degree n, so that R[z]/f(z) is free of rank n over R. Moreover, A is a quotient of
R[z]/f(z) and A is also free of rank n, so A = R[z]/f(z) and J = (f) (by Lemma[I7.10| below). Thus J is
generated by a W-polynomial, as claimed.

Now suppose that g € W,F(C). Our previous claim shows that there is a W-polynomial f such that
(9) = (f), say f = ug and g = vf. Then f = uvf but f is not a zero-divisor so uv = 1 so u and v are
units. It is not hard to see that any unit multiple of a W-polynomial is a W-series, and we conclude that
W, (C) is precisely the set of W-series of degree n. We have also seen that every ideal in D;f (C') is generated
by a W-polynomial, so the map W,F(C)/OF — D;f(C) is surjective. As Weierstrass series are not zero
divisors, we see easily that any two of them generate the same ideal iff they differ by a unit, so the map
W, H(C)/OF — D;f (C) is actually a bijection. Moreover, Corollarytells us that W, (C) = P,(R) x O,
and thus that D} (C) = P,(R). O

LEMMA 17.10. Let M and N be free modules of finite rank n over a ring R, and let a«: M — N be a
surjective homomorphism. Then a is an isomorphism.

PrOOF. We may assume that M = N = R", and write e; for the i’th basis vector. As « is surjective
we can choose a; with a(a;) = e;, and then define 3: R® — R™ by S(e;) = a;. We then have af = 1 so
det(a) det(8) = 1 so det() is a unit in R, so « is an isomorphism. O

COROLLARY 17.11. Let C be a formal curve over a scheme X.
(a) IfJ € D+(C’) then J is a free module of rank one over O¢.
(b) Dy, (C) = W (C)/OF.

(c) If also K € D, (C) then JK € D}, (C).
(d) If also L € D}, (C) and JK = JL then K = L

(e) If f e W,F(C) and g € W,}(C) then fg e W, . (C).

n+m

PrOOF. We may assume that C' = X x A and this makes everything fairly clear. Some points to note
are as follows. Firstly, if f € W;}(C) and g € W5 (C) then we have a short exact sequence O¢/(f) =%
Oc/(fg) = Oc/(g), which shows that Oc/(fg) is free of rank n + m over Ox. Moreover, if h € N then for
large  we have h” € (f) and h™ € (g) so h*" € (fg). This shows that fg € W, ,,(C), as claimed in (e).
Also, for any J and K as above one can check that K = {f | fJ C JK}, so that J and JK determine K,

which proves (d). O
REMARK 17.12. We can summarise this corollary by saying that D*(C) = [],,5, D,y (C) and W*(C) =
ano W H(C) are commutative monoids under multiplication, in which cancellation is valid.

PRrROPOSITION 17.13. Let C be a formal curve over X, with projection map 7w: C — X say. Write
D(X,C) for the set of sections of C, in other words the set of maps 0: X — C such that mo = 1. Then there
is a natural isomorphism T'(X,C) ~ D (C).
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PROOF. Given a section o, we define J, = {f: C — Al | f oo = 0}, which is an ideal in O¢. We claim
that this lies in DT(C), and that the map o — J, is the required bijection. For this, we may assume that
C = X x A'. The sections are then the maps of the form o(a) = (a,u(a)) where u: X — Al in other words
u € Nil(Ox). We also have J, = {f(z) € Ox[x] | f(u) = 0}. It is easy to see that this is generated by
the W-polynomial x — u. We also know from Proposition that every ideal in Df’ (C) is generated by a
unique W-polynomial of degree one, and these clearly all have the form « — w. The proposition follows. O

DEFINITION 17.14. Let C be a formal curve over a scheme X. Given a ring R and a point a € X (R) we
have a formal curve C, = spec(R) x x C over spec(R), and we define

Div, (C)(R) = {(a, D) | a € X(R) and D € D} (C,)}.
This defines a functor Div;l (C) from rings to sets.

REMARK 17.15. Tt follows from Proposition [17.13| that Div] (C) = C. Also, Corollary [17.11] gives
product maps Div;} (C) x x Div;}, (C) — Div;},,.(C). A choice of coordinate on C gives a natural bijection

D} (C,) ~ P,(R) ~ Nil(R)", and thus an isomorphism Div;  (C) ~ A" x X, showing that Div, (C) is a
formal scheme of dimension n over X.

18. Meromorphic functions

DEFINITION 18.1. Let C' be a formal curve over a scheme X. We define M to be the ring obtained
from O¢ by inverting all the elements of W, (C) for all n. (We shall see shortly that it is equivalent to
choose a coordinate x and just invert z.) We write Wy(C) for the subgroup of M consisting of elements
f/g where f,g € W (C) for some n (the same n for f and g). We also write Do(C) = Wy (C)/OF. Tt is
clear that Wy (C) and Dy(C) are groups under multiplication.

REMARK 18.2. You should think of the elements of M as meromorphic functions on C whose poles
are infinitesimally close to the origin.

DEFINITION 18.3. A Weierstrass Laurent series or WL-series of degree n over a ring R is a series
f(@) =Y 4ep ara® such that
(1) ap =0for k<0
(2) ay is nilpotent for k < n
(3) ay, is invertible.
Clearly f(x) is a WL-series of degree n if and only if 2™ f(x) is a W-series of degree m + n for m > 0.
We write P(R) for the set of WL-series of degree 0 such that
(1) ar =0for k>0
(2) ag = 1.
Clearly f(x) € P(R) if and only if 2™ f(x) is a W-polynomial of degree m for m > 0.

REMARK 18.4. You should again think of f(x) as having poles infinitesimally close to the origin. Recall
that a genuine meromorphic function of a complex variable has different Laurent expansions in different
annuli, depending on where the poles are. Our formal Laurent series should be thought of as expansions
valid outside a small disc that contains all the poles.

PROPOSITION 18.5. Take C = X x Al, write R = Ox, and identify Oc with R[z] in the usual way.
Then Mc = R[z][1/z], and Wy(C) is the set of WL-series of degree 0. We also have Wy(C') = OF x P(R)
and thus Dy(C) ~ P(R).

Proor. Write K = R[z][1/z]. We have P(R) C K and if f(x) € P(R) then 1 — f(z) is nilpotent,
so f(z) is invertible. Thus P(R) < K*. If g(z) is a W-polynomial of degree n then g(z)/z™ € P(R) so
g(x) € K*. Tt now follows from Corollary that every W-series becomes invertible in K. In view of
Proposition this means that W, (C) € K*, and it follows easily that K = M¢. Let V be the set of
WL-series of degree 0. If f(x) € V then for some m we have 2™ f(z) € W,}(C), so Corollary gives a
factorisation f(z) = u(x)g(x)/z™ with u(z) € OF and g(z)/2™ € P(R). Note that P(R) and O are groups
with trivial intersection, and that P(R).Of C V. It follows that V is a group and that V' = P(R) x OfF. If
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f(x),g(z) € W,F(C) then it is clear that f/z™ and g/z™ lie in V, so f/g = (f/x™)/(g/z™) lies in V. This
implies that Wo(C) =V = OF x P(R) as claimed. O

DEFINITION 18.6. Let C be a formal curve over a scheme X. Given a ring R and a point a € X(R) we
have a formal curve C, = spec(R) x x C over spec(R), and we define

Divo(C)(R) = {(a,D) | a € X(R) and D € Dy(C,)}.
This defines a functor Divy(C') from rings to Abelian groups.

REMARK 18.7. A choice of coordinate on C' gives a natural bijection

Dy(Ca) ~ P(R) ~ P Nil(R),
k<0

and thus an isomorphism Divo(C) ~ X x @, _, Al. This is not a formal scheme according to our definitions,
but one can set up a more general theory of formal schemes which does include Divy(C).

19. Elliptic curves

DEFINITION 19.1. A Weierstrass cubic over a ring R is a homogeneous polynomial f(z,y,z) of de-
gree three such that f = y%2 (mod z,2?) and f = —2® (mod y,2). This means that there are elements
a1, a9, a3, a4, g € R such that

f(z,y,2) = v%2 + arzyz + azyz? — 23 — e’z — agxz? — ag2®.

REMARK 19.2. If R is an algebraically closed field then every nonzero irreducible homogeneous cubic can
be put in this form by a suitable change of coordinates. For more general rings there is a more complicated
statement which again essentially reduces the study of all cubics to that of Weierstrass cubics. Such a cubic
defines a subscheme C' of the projective plane, and there is a coordinate-free description of the schemes that
can arise in this way. These are non-affine schemes, but with suitable definitions they can still be regarded
as functors from rings to sets. We shall not give details here, however.

As in example we can use a Weierstrass cubic f(z,y, z) over Ox to define a formal curve C over X
by
C(R) = {(u,a,c) € X(R) x Nil(R)? | f(a,1,¢) = 0}.
Our main task in this section is to show that C has a canonical group structure.

REMARK 19.3. The analytic analogy is as follows. If f is a Weierstrass cubic over C and we write
C={x:y:z2 € CP?| f(x,y,2) = 0} then the classical analytic theory of elliptic curves gives an
isomorphism C ~ C/A for some lattice A < C, with the zero element in C/A corresponding to [0 : 1 : 0].
This shows that C has a natural group structure. We next explain a purely algebraic characterisation of this
structure, which we can use to generalise the theory to rings other than C. Let Z{C} be the free Abelian
group on the points of C, and let [c] denote the basis element corresponding to a point ¢ € C. Any nonzero
meromorphic function f on C has zeros {a;} with multiplicities {n;}, where poles count as zeros of negative
multiplicity. This gives an element div(f) = >_, nila;] € Z{C}, called the divisor of f. A fundamental result
(which can be proved by contour integration, for example) says that an element . n;[a;] arises in this way
if and only if we have . n; =0 € Z and ), n;a; = 0 € C. On the other hand, if we allow functions that are
only meromorphic on an open subset of C, we get all elements of Z{C}, and we only get the zero element if
f is an invertible holomorphic function. Thus Z{C} can be thought of as something like the group of local
invertible meromorphic functions modulo local invertible holomorphic functions. We can define Dy (C) to be
the subgroup of elements ), n;[a;] with ) . n; = 0 and Q(C) to be the quotient by the group of divisors
of global meromorphic functions. It is then easy to check that the map ¢ — [¢] — [0] gives an isomorphism
C ~ Q(C) of groups, and this gives the required characterisation of the group structure on C.

We write
A=0gs = R[z,2]/f(x,1,2) = R[z].
Note that
f(z,1,2) = 2+ aqez + az2® — 2% — apr?zs — auz2® — ap2®,
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so that f(x,1,23) =0 (mod 2*). It follows from Proposition and its proof that there is a unique power
series £(z) € R[] such that z = £(z) in A, and moreover we have £(x) = 23 (mod z*). We may thus write
£(x) = Y453 Era®, with & = 1. We also have

C(R) = {(u,a,£(a)) | u € X(R) and a € Nil(R)}.

Next, we write

A'=R[z] < A
B =R[X,Y]/f(X,Y,1)
B' = R[Y]

U ={u€e B|u=1modNil(R)B} < B
Uy =1+Nil(R)=R*NU < U

K = A[l/z] = A1/z] = Mg

K' = A'[1/7] < K.

We know that z is a unit multiple of 2® in A, which is why A[1/z] = A[1/z]. We see from Proposition m
that A is a free module over A’ with basis {1,x, 22}, and thus that K is a free module over K’ with the
same basis. One can also check that f(X,Y,1) can be regarded as a monic polynomial of degree three in X
over B’, and thus that B is a free module over B’ with basis {1, X, X?}.

REMARK 19.4. The relevant analogies for elliptic curves over the complex numbers are as follows. The
ring A is the ring of functions on an formal neighbourhood of the origin. The ring K consists of meromorphic
functions on a formal neighbourhood, whose poles are concentrated in an infinitesimal neighbourhood (where
“infinitesimal” is smaller than “formal”). The ring B consists of meromorphic functions on the whole curve,
whose poles (if any) are concentrated in an infinitesimal neighbourhood of the origin. The group U consists
of functions on the whole curve that are very close to 1 away from an infinitesimal neighbourhood of the
origin, so all the zeros and poles are contained in such a neighbourhood.

DEFINITION 19.5. We define a map a: B — K by a(X) = z/z and a(Y) = 1/z.
LEMMA 19.6. The map « is injective.

PRrROOF. Note that a(B’) < K’ that B is freely generated over B’ by {1, X, X?}, and that K is freely
generated over K’ by {a(1),a(X),a(X?)}. It will thus be enough to show that « is injective on B’, which
is trivial. ]

From now on we will allow ourseleves to think of B as a subring of K, and thus of B* and U as subgroups
of K*.

DEFINITION 19.7. We write Q = Q(C) = Dy(C)/U = W, (C)/A*.U. We also define a map ¢: ['(X, C) —
Q(C) by é(c) = J./Jy, where J. is as in Proposition [17.13] If we use z as a coordinate to identify I'(X, C)
with Nil(Ox) then we have (1 — ¢/x) € Wy(C) and our map becomes ¢(c) = [1 — ¢/z].

THEOREM 19.8. The map ¢: T'(X, 6) — Q(C) is a bijection. As Q(C) is a group, this gives a natural
group structure on I'(X, C).

LEMMA 19.9. Suppose that h € W;m_l(a) for somem > 0. Then there existsu € U such that z™u € Ah,
and u is unique modulo Uy .

PROOF. We know that B has basis {X‘Y7 |i >0, 3 > j > 0} over R. Let U’ be the subset of U
consisting of elements u = 3, ;u; X'Y7 where ugg = 1 (and necessarily u;; € Nil(R) for (i,7) # (0,0)).
This need not be a subgroup but we do have U = U; x U’ so it will suffice to show that there is a unique
choice of u lying in U’.
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Write
T=A{(,5)|m—-1>i>0,3>35>0tU{(m—1,0),(m—1,1)}
={(,7)]i>0,3>5>0,3i+j<3m—1}
={(,7)|m>i>0,3>7>0,i+j5<m}.

For each k € {0,...,3m — 2} there is a unique element (i,j) € T such that 2’2/ = z¥ (mod z**1), and it
follows by the method of Proposition [17.2) that {z%a7 | (i,5) € T} is a basis for A/hA over R. Thus, there
are unique elements a;; € R such that —z™ = 3", a;;2'z7 (mod Ah). We define

u=1+ Zaijzi_mxj =1+ ZainiYm_i_j € B,
T T

so that z2™u € Ah. If h is a unit multiple of 23™~! then clearly ™ € Ah and so a;; = 0 for all (i,j). We
can always put ourselves in this situation by working modulo the nilpotent ideal generated by the lower
coefficients of h, so we conclude that the elements a;; are always nilpotent. Thus v € U’.

Now suppose we have some other v € U’ such that z™v € Ah. We can then write w = v —u =
> wig XY where j runs from 0 to 2 and woo = 0, and 2™w € Ah. Note that 2w = 3, - wi;z™ " al.
As K is freely generated over K’ by {1,z,2?} one can check that w;; = 0 when i + j > m. We also have
wop = 0, in other words w;; = 0 when ¢ + j = 0. If we write kK = m — 4 — j then we find that w;; = 0 unless
0<k<mand0<j<3andj+k=m—i<m. Using our third description of T', we see that z™w lies in
the span of {227 | (i,5) € T} but this set is a basis for A/Ah and 2™w € Ah so z™w = 0 s0 u = v. O

PROOF OF THEOREM [0.8l Define YV, = {g € Wy(C) | 27 12mg~! € A}. If g € Y,, then 2 12™g €
W;mfl(a) so the lemma gives an element u € U such that z™u € 2™z 'g~1A. Thus u = 27 1g~ 'k for
some k € A. Asu,g € Wo(é) one can check that k € W;" (6‘), SO Corollarym gives a unique factorisation
k = (z — ¢)v with ¢ € Nil(R) and v € A*. We define 9,,(g) = ¢ (it is easy to see that this is well-defined
even though u can be multiplied by an element of Uy). It is easy to check that the restriction of ¢,,11 to
Yy i$ ¥, and the union of the sets Y;, is Wy(C), so we get a map 1: Wy(C) — Nil(R).

Now suppose that g € Y;,, as above and w € U and t € AX. Choose n large enough that z"w=! € A.
We then have uw~! € U and vt € A* and

2 (g™t = 2" N (twg) T (@ — ) (vt),
which implies that ¥y, 1, (twg) = c¢. Thus 1 (twg) = 1(g), so ¥ induces a map ¥: Q(C) = VVO(a)/UAX —
Nil(R).
Now identify Nil(R) with ['(X, C), so that ¢ becomes the map ¢~ [1 — ¢/z]. If we take g(z) = 1 — ¢/
then for m > 0 we have z™g~t € Wi | (C) and z™.1 = 2™~ 1g~(x — ¢) so ¥(g) = ¢. Thus ¢ = 1.
On the other hand, if we start with g € Y;,, and define u, v and ¢ as above we find that g = (1—c/x)u"tv €
(1—c/z)UA%, s0 [g] = ¢(c) in Q(C). Thus ¢¢p = 1. O

We now consider another characterisation of the group structure on an elliptic curve. The statement is
simplest when X = spec(k) for some algebraically closed field k. We then have a set

C={[x:y: 2 €PXk)| f(zx,y,2) = 0}.
The group structure on this is characterised by the facts that

(a) The identity element is [0: 1 : 0].
(b) ¥ P, =[x;:y;: 2] €Cfori=0,1,2 and Py+ P, + P> = 0 then the P,’s are collinear, or equivalently

we have
To T1 T2
det | vo v1 v =0.
20 Z1 )

In our context we need to do something a little more delicate, as many of our elements are nilpotent so
we cannot divide by them. A key point is the following lemma:
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LEMMA 19.10. Define
_ ik
X(wo,1,@2) = Y &iyjiriowhaih,
4,k
where as usual §(x) = ;o3 &xak is the series such that f(x,1,6(x)) = 0. Then we have
ZTo X1 T
det 1 1 1 = (x1 — xo)(x2 — 1) (x0 — 22)x(x0, 1, T2),

§(zo) &(z1) &(w2)
and x(xg,21,22) = o + 1 + 22 + O(2).

PRrOOF. Define ((zo,21) =), ; Eivjr1zhr]. One can check directly that
(z1 — 20)C(z0, 21) = &(21) — &(20)

(IQ - xl)X(J:Oa X1, :CZ) = C(x()a :CZ) - C(:EO) zl)-

Of course we also have similar identities with the variables permuted. If we subtract the first column of
our matrix from the second and third columns and then divide those columns by (z1 — o) and (29 — x2)
respectively, we get the matrix

i) 1 -1

1 0 0

£(xo) ((wo,21) —((wo,22)

We can now expand with respect to the first column to get the claimed factorisation. As & = 0 for k < 3
and & = 1 it is immediate from the definitions that x(xo,z1,22) = zo + z1 + 22 + O(2). O

ProposITION 19.11. If ag,a1,a2 € T'(X, C'\) satisfy ag + a1 + az = 0 (using the group structure coming
from Theorem then x(ag,a1,az) =0 and thus

Zo T To
det 1 1 1 =0.
E(zo) &(21) &(z2)

PROOF. We need to show that ¢(ag)d(ar)@(az) = 1in Q(C), or equivalently that (1—ag/z)(1—ay/x)(1—
az/x) € UA*. Consider the series h(x) = x(ag,a1,x) € A. As x(xo,21,22) = 2o + 21 + x2 + O(2), we see
that h is a W-series of degree one, and h(az) = 0 so h(z) = v(z)(x — ag) for some v € A*. Now consider

9(@) = (z — ao)(x — a1)(z — az)v(z) = (z — ao)(x — a1)x(ao, a1, x).
On the other hand, if {(xq, 1) is as in the proof of Lemma [19.10| we have
(z — ao)(x — a1)x(ao, a1, ) = (x — ao)(¢(ao, ) — ((ao, ar))
=z —&(ao) — ((ao, a1)z + ao((ao, ar).
This implies easily that u(z) = g(x)/z € U and of course w(z) = z/2* lies in AX, and so
(1 —ao/z)(1 — ar/z)(1 - az/z) = g(2)/(z*v(2)) = u(z)w(z)/v(z) € UAX,
as required. O

PROPOSITION 19.12. Ifa € T'(X,C) then the inverse of a is —a/(1+a1a+asé(a)), where the coefficients

«; come from the defining Weierstrass cubic
3 2 3

f(z,y,2) = v?2 + arzyz + azyz? — 23 — awa’z — agxz? — ag2®.

PRrOOF. The basic point is that if @ is the inverse of a then (a’,£(a’)) must lie on the line through the
origin containing (a,&(a)), and it is easy to verify that

f(ta,1,t6(a)) = E(a)t(1 = t)(1 + (1 + cna + azé(a))t).
If we could divide by &(a) and (1 —t) we could deduce the result, but these quantities are nilpotent so we
need a more delicate argument.
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We define 0(z) = >, &a%~1, so that £(z) = 20(x). We also define g(z,t) = f(z,1,tx)/x € Rlx,t]. Tt is

easy to check that g(z,0(z)) = 0 € R[z]. Define

b=0(a)

d= o+ asb

v=1+4ad =14 aja+ asé(a)

u=1+4 ash+ asb®>+ a6b3

c=bdu"' —a
Note that u and v are invertible in R. Clearly g(a,b) = 0 and by writing this out we find that vb = a?u.
Given this it is easy to verify that g(z,b) = (z — a)(bd — u(x + a)) and thus that

f(z,1,b2) = 2g(x,b) = —ux(z — a)(z — ¢).
Of course we also have f(z,1,z) = 0 so modulo z — bz we have f(x,1,bx) =0 so
z(x —a)(x —c) = (z — bx)w

3 = 2w and it follows easily that w € AX. We also have

for some w € A. Modulo nilpotents we have
zz—3 € AX and

(1—a/z)(1 —c/z) = (1 —bX)w(za™>) € UA*.
This shows that ¢ is the inverse of a in T'(X, 6') On the other hand we have vb = a? so vbd = au.ad =
au(v—1) = auv—auso bdu™' =a—av=tsoc=bdu"'—a = —av~! = —a/(1+ara+azé(a)) as claimed. O

20. Additive extensions

DEFINITION 20.1. Let C' and D be formal curves over a scheme X. Recall that O¢ is the ring of maps
C — A! and let N¢ be the ideal of maps C — A'. We say that a map ¢: C — D is an isogeny of degree d
if the resulting map ¢*: Op — O¢ makes O¢ a free module of rank d over Op, and N¢ < v/q*Np.

LEMMA 20.2. Let q: C — D be a map of formal curves over X, and let x and y be coordinates on C'
and D respectively. Let f be the unique power series over Ox such that ¢*y = f(x). Then q is an isogeny of
degree d if and only if f is a W-series of degree d. If this holds then {1,z,...,2%7 1} is a basis for Oc over
Op.

PRrROOF. First note that No = Nil(Ox) + zOx[z] so the condition N < +/¢*Np is equivalent to the
condition that 2V = 0 (mod f(z)) for N > 0. It is clear from Propositionmthat if f is a W-series then ¢

is an isogeny, and that {1, x,..., 2971} is a basis. Conversely, if ¢ is an isogeny then O¢ is free of rank d over
Op so Oc/f(x) is free of rank d over Op/y = Ox so f(z) € W (C). We conclude from Proposition m
that f is a Weierstrass series of degree d. O

LEMMA 20.3. Let g: C — D be an isogeny of formal curves over X. Then q is an epimorphism in the
category of formal schemes over X. In other words, if r,s: D — E are maps of formal schemes over X and
rq = sq thenr =s.

PRrROOF. Choose coordinates z on C, y on D and z1,..., 2. on E. We then have series f, g;, h; such that
q¢*y = f(z) and r*z; = ¢;(y) and s*z; = h;(y), so ¢;(f(x)) = hi(f(z)) in Ox[z] = O¢. As ¢*: Op — O¢ is
injective we conclude that g; = h; so r = s. O

DEFINITION 20.4. Let p be a prime, let X be a scheme such that p is nilpotent in Oy, and let G be
a formal group over X. We say that G has Weierstrass height n (or W-height n) if the map pg: G — G
is an isogeny of degree p™. We say that G is p-divisible if it has W-height n for some n (where necessarily
0<n < o0).

REMARK 20.5. Write X,eq = spec(Ox/Nil(Ox)) C X, which is a scheme over spec(F,). Write Greq =
G X x Xted, which is a formal group over X,.q. This has height n for some n with 0 < n < oo; if n < oo then
in terms of a coordinate we have [p](x) = uzP” + O(p™ + 1). It is easy to see that G has W-height n if and
only if n < co and u is invertible.
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DEFINITION 20.6. For the rest of this section, X will be a scheme such that p is nilpotent in Ox and
G will be a formal group of W-height n over X. The symbol G, will really denote G, x X, considered as a
formal group over X.

LEMMA 20.7. We have Hom(G, G,) =0

PROOF. Let s: G — @a be a homomorphism. For N > 0 we have p/¥ = 0 in Ox so pI¥ = 0 as an
endomorphism of G,. By considering the following square, we see that s o pg =0.

G ——»

:\L :\L
Go —— Gq
p _0

N

As p¥ is an isogeny, it is an epimorphism, so s = 0. O

DEFINITION 20.8. An additive extension of G is a sequence of formal group schemes and homomorphisms

éa 7y E % G such that qj = 0 and there exist maps éa LEEG (not necessarily homomorphisms) with
rj =1g, and jr+sq=1g and gs = 1. Such a pair (r,s8) is a (non-additive) splitting of the extension.

REMARK 20.9. Let E, j, q, 7 and s be as above. Note that j and s are monomorphisms and r and
¢ are epimorphisms. Define maps f: G, x G — E and g: E — Gq x G by f(a,u) = j(a) + s(u) and
g(e) = (r(e),q(e)). Then it is easy to check that fg = jg+ sr = 1g. Moreover, as ¢ is a homomorphism with
qj = 0 and ¢s = 1 we have ¢f(a,u) = u. Also, we have jrf(a,u) = (1 —sq)f(a,u) = f(a,u) — s(u) = j(a)
and j is a monomorphism so rf(a) = a. We now see that gf = 1, so that f and g are mutually inverse
isomorphisms.

DEeFINITION 20.10. Let E and E’ be additive extensions of G. A morphism from E to E’ is a homo-
morphism f: E — E’ of formal group schemes such that fj = j' and ¢’ f = ¢, so that the following diagram
commutes:

a>—>E*»G
1

E’*»G

C)><; )

If we choose splittings r, s, ' and s’ and deﬁne g=sq¢ +jr'(1 — fsq'): E' — E then one can check that
fg=1p and gf = 1g so f is automatically an isomorphism. We write Ext(G, G,) for the set of isomorphism
classes of additive extensions of G.

LEMMA 20.11. If E and E' are additive extensions of G then there is at most one morphism from E to
E'.

PROOF. Let fo, f1: E — E’ be morphisms and put § = fy — f1, so we need to show that 6 = 0. As
fij =7 and ¢ fi = qfor i = 0,1 we have 67 = 0 and ¢'6 = 0. Now put { =r'ds: G — G,. As 1g = sq + jr
and 1g = s'q’ + j'r’ we have

0= (s'q' +j'r")o(sq + jr) = j'r'dsq = j'Cq.
As 7’ is monic and a homomorphism, and ¢ is epic and a homomorphism, and j’Cq is a homomorphism, it
is not hard to check that ¢ is a homomorphism. As Hom(G, G,) = 0 we see that { = 0 so § = 0 as required.

In fact, we do not need to show that ¢ is a homomorphism but merely that ¢ o pc = ps o (, as one sees
easily from the proof of Lemma [20.7] This is easier so we will give the details. We claim that

i'¢paq = j'Capr = pr'i'Ca = j'pa Ca-

The three equalities use the fact that ¢, j'(q = 6 and j’ respectively are homomorphisms. As 7’ is mono and
q is epi we conclude that (pg = ps ( as required. O
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DEFINITION 20.12. We write
Z(G)={o:Gxx G— Ga | o(u,v) =0o(v,u), o(u,0)=0,
o(v,w) —o(u+v,w)+o(u,v+w) —o(u,v) =0}
C(G)={r: G — G, | 7(0) = 0}.
We also define a map ¢: C(G) — Z(G) by
(1) (u,v) = T(u+v) — 7(u) — 7(v).
We call Z(G) the group of symmetric two-cocycles on G with values in G,.

REMARK 20.13. The case v = w = 0 of the cocycle identity o(v, w)—o(u+v,w)+o(u, v+w)—o(u,v) =0
gives o(u,0) = ¢(0,0). Thus, it would be equivalent to replace the condition o(u,0) = 0 by ¢(0,0) = 0 in
Definition RO.121

REMARK 20.14. It is clear that 6: C(G) — Z(G) is a homomorphism of Ox-modules. The kernel is
Hom(G,G,) = 0, so ¢ is injective. We may thus think of 6C(G) as a subgroup of Z(G) and define the
quotient module Z(G)/5C(G).

DEFINITION 20.15. Given o € Z(G) we define E, = G, x G with group operation
(a,u) + (byv) = (a+b—oc(u,v),u+v).

(The inverse of (a,u) is (—a + o(u, —u), —u).) We also define GoLE, % Gand G, L E, &G by

j(a) = (a,0)

s(u) = (0,u)
qla,u) =u
r(a,u) =a

One can check directly that this gives an additive extension of G. We define a map 6: Z(G) — Ext(G, @a)
by 8(c) = E,.

PROPOSITION 20.16. The map 0 induces a bijection Z(G)/6C(G) ~ Ext(G, Gy).

PROOF. First, suppose we have two symmetric cocycles o and ¢’ with ¢ — ¢’ = §(7). One can then
check that the map f(a,u) = (a + 7(u),u) gives an isomorphism of extensions E, ~ E,/, so that 6(c) =
0(c’) € Ext(G,G,). Thus, 6 induces a map 8: Z(G)/6C(G) — Ext(G, G,).

Now suppose instead that we have symmetric cocycles ¢ and ¢’ and an isomorphism of extensions
f: Es = Es. Define r =1'fs: G — Ga (using the usual splittings of E, and E,/). It is easy to see that
7(0) = 0 so that 7 € C(G). As ¢'f = q we have f(0,u) = (7(u),u). As fj = j' we have f(a,0) = (a,0).
As (a,u) = (a,0) + (0,u) we have f(a,0) = (a,0) + (7(u),u) = (a + 7(u),w). This gives f((0,u) + (0,v)) =
f(=o(u,v),u+v) = (r(ut+v)—0o(u,v),u+v). On the other hand we have f((0,u)+(0,v)) = f(0,u)+f(0,v) =
(t(u) + 7(v) — o' (u,v),u+ v). By comparing these answers we see that ¢ — ¢’ = 6(7). It follows easily that
our map 0: Z(G)/6C(G) — Ext(G, G,) is injective.

Finally, suppose we start with an additive extension E’. Choose splittings ' and s’ in the usual way and
define o (u,v) = 7'(s'(u+v) — s'(u) — s'(v)). We know that ¢': E' — G is a homomorphism with ¢’s’ = 1 so
q(s'(u+v)—s'(u)—s'(v)) =0and j'r' =1 — s'¢q’ so we see that

J'o(u,v) = (1= s'¢)(s' (u+v) = s'(u) = s'(v) = 5'(u+v) = 5'(u) = '(v).

From this it follows that j'o satisfies the symmetric cocycle conditions and j’ is a monomorphism so o
satisfies the conditions, so o € Z(G). We define f: E, — E' by f(a,u) = j'(a) + s'(u). One can check
directly that this is an isomorphism of extensions, so that the isomorphism class of E’ lies in the image of 6.
It now follows that € is an isomorphism. |
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REMARK 20.17. If we choose a coordinate  on G (giving a formal group law F'(z,y)) then Z(G) becomes
the set of power series o(z,y) such that o(z,y) = o(y,z) and o(z,0) = 0 and

o(y,2) —o(z+ry,2) +o(z,y+rz) —o(r,y) =0.

LEMMA 20.18. For any formal group law F over any ring R and any k > 2 there is a naturally defined
symmetric cocycle o (F)(x,y) such that op(F)(z,y) = ck(x,y) + Ok + 1).

PrOOF. Recall from Theorem that the Lazard ring L is a polynomial ring on generators a; for
J = 2. The formal group law F' over R corresponds to a ring map ¢: L — R, sending a; to o; say. Define
R’ = Rle]/€*. Let ¢': L — R’ be the map that sends ay to ay + € and sends a; to a; for j # k. Let F’
be the formal group law over R’ coming from ¢’, so F/ = F (mod €), so (z + y) —r  —F y has the form
eo(z,y) for some series o € R]x,y]. It is easy to see that this is symmetric and o(z,0) = 0. Next note that
when x = 2’ (mod €) we have eo(x,y) = ea(2',y), because €2 = 0. We also have eu +r ev = e(u +v). It
follows that

THp Yyt z=x+py+rz+relo(z,y)+o(x+ry,z)).
Using the commutativity and associativity of F' and F’ it is easy to conclude that ¢ is a symmetric cocycle.
We define o (F) = 0.

We now need to prove that o(x,y) = cx(z,y) + O(k + 1). It will suffice to do this for the universal
formal group law over L. We give L its usual grading and then give L'[x, y] the grading extending this such
that € is homogeneous of degree k — 1 and = and y are homogeneous of degree —1. With these gradings one
can check that F(z,y) and F'(x,y) are homogeneous of degree —1 and thus that o(z,y) is homogeneous of
degree —k. This means that o(z,y) = sz bijxiyj where b;; € L is homogeneous of degree k — i — j. This
means that b;; = 0 when ¢+ j < k and that b;; € Z when i+ j = k. Define o'(z,y) = >_,, ;5 bijz'y’. All
that is left is to show that o'(x,y) = ¢x(z,y). For this we note that o’ = o (Fy,), where F,(z,y) =z +y is
the additive formal group law. One can see from the construction in Proposition 6.3 and the definition of ay,
that ok (F,) = ¢k as required. O

We leave the proof of the next two lemmas to the reader.

LEMMA 20.19. If F is a formal group law over R and o(x,y) is a symmetric cocycle for F and o(z,y) =
0+ O(k) then there is a unique a € R such that o(z,y) = ack(z,y) + O(k + 1). O

LEMMA 20.20. We have 6(z*) = by.(2,y)+O(k+1), where by(z,y) = (x+y)* —2F —y* = v(k)ep(2,y). O

Now let G be a formal group over X of W-height n. It follows from Theorem [TI.11] that we can choose
a coordinate z on Gpeq such that the resulting formal group law is additive to order p™ — 1. The map
Oc¢ = Og,,, is clearly surjective, so we can choose a coordinate on G extending x; we call this coordinate
zalso. fot+ry=a+y+3 a;;z'y) and I = (p) + (a;; | i+ j < p") we find that I is nilpotent and
that there is an element u € Ox such that  +r y = 2 +y + ucyn (z,y) + O(p™ + 1) (mod I). We see from
Lemmamthat [plr(z) = —ua?” + O(p™ +1) (mod I); as G has W-height n we deduce that u is a unit in
Ox. We now see that

5@ ) = (@+py)f —a —y* = Uprcpn+7“ (z,y) + O(" ™ +1) (mod I).

PROPOSITION 20.21. The group Ext(G, @a) s a free module of rank n—1 over Ox. If x is a coordinate
as above and F is the resulting formal group law then {o,r (F)(x,y) | 1 <r <n—1} is a basis for Ext(G, Ga).
ProOOF. Write R = Ox, and let © € R* be as in the preceeding discussion. For k > 2 we define
Th(z,y) € Z(G) by
§(2% Ju(k)) if k is not a power of p
Ti(z,y) = 4 0((/wP ") ifk=p" > p"
opr(F)(z,y) ifk=p <p™
Note that 74 (z,y) = cx(z,y) + O(k+ 1) (mod I) for all k.

For any R-module M we let Z(G; M) denote the set of formal power series o(x,y) € M|z, y] that satisfy
the symmetric cocycle conditions. Define a map Onr: [[5o M — Z(G; M) by 6(m) = >, my7y (one can
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check that this converges, because 6(z*) = 0+ O(k) for all k). One can check using Lemma [20.19| that 6,
is an isomorphism when IM = 0. As in the proof of Proposition we deduce that O,/ is iso for all k
and thus that 0g is iso. This implies that

Z(G) = R{op(F),...,0p-1(F)} & 0(C(G))
and thus that
Ext(G,G,) = Z(G)/5(C(G)) = R{0p, ..., 0pn1}.
O

DEFINITION 20.22. Given a formal group scheme H of dimension d over X, we define J = Jg = {f €
Oy | f(0) = 0} and wy = J/J? and ty = Homoe, (wy,Ox). It is easy to see that wy and ty are free
modules of rank d over Ox. Moreover, a map ¢: G — H induces a map ¢.: t¢ — ty provided only that
¢(0) = 0; we do not need ¢ to be a homomorphism.

DEFINITION 20.23. Let @a 7y BE'% @ be an additive extension. A rigidification of this extension is a
pair of maps Ox = ta, &t 2 o such that roj« = 1 and g.s9 = 1 and j,7rg + soqs« = 1.

EXERCISE 20.24. Show that if ro: tp — Ox satisfies r9j. = 1 then there is a unique map sg: tg — tg
such that (rg, sg) is a rigidification. Similarly, show that if s¢ satisfies g.so = 1 then there is a unique rg
such that (ro, sg) is a rigidification.

EXERCISE 20.25. Show that if (rg, sg) is a rigidification and v € wg = Home, (tg, Ox) then (rg +
JxU, So — ugy) is another rigidification, and this construction gives a bijection between wg and the set of
rigidifications.

EXERCISE 20.26. Given a rigidification (rg, sg), there is a splitting (r, s) such that ro = r, and sg = s..

DEFINITION 20.27. A rigidified additive extension of G is an additive extension with a specified rigid-
ification. An isomorphism of rigidified extensions is an isomorphism f: E — E’ of extensions such that
roo fi =ro and f.osg = si. We write M(G) = Ext,is(G, G.) for the set of isomorphism classes of rigidified
additive extensions of G. This is also called the Dieudonné module of G.

EXERCISE 20.28. Prove that there is a natural short exact sequence
wa — Extyig (G, CA;a) — Ext(G, é’a),
so that Ext,ig(G, @a) is a free Ox-module of rank n.
EXERCISE 20.29. Define
Ciig(G) ={r: G = Gu | 7(0) =0 and 7, = 0: tg — Ox}.
Prove that
Extyig (G, Go) = Z(G)/8Cig(G) = Ox{0op(F), ..., opm (F)}.
DEFINITION 20.30. For any Ox-algebra R we put
E(R) = {(a,u) € Homo, (Z(G),Nil(R)) x G(R) | a(6(7)) = 7(u) for all 7 € C(G)}.
We define addition on this set by
(a,u) + (byv) = (a + b+ €e(u,v),u+v),
where €(u,v): Z(G) — R is defined by e(u,v)(0) = o(u,v).
We will now construct a “universal additive extension” E of G, from which all additive extensions can

be obtained by pushout. Here E itself is not actually an additive extension of G according to our definitions,
because the kernel of the projection E — G is not G, but rather a formal group isomorphic to G?~*.
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THEOREM 20.31. The above definitions make E into a formal group scheme of dimension n over X,
which fits naturally in an extension

Hom(Ext(G, G,),Ga) — E — G.
The resulting short exact sequence of cotangent spaces is naturally identified with the sequence
we — Extyig (G, Ga) = Ext(G, G,).
In particular, this gives wg ~ Extyig(G, Ga) = M(G).

PRrROOF. The given rule does indeed give a binary operation on E(R)7 because we have
(a+b+€(u,0))(6(r)) = a(6(r)) + b(6(7)) + €(u, v)(5(7))
=7(u) + 7(v) + §(7(u,v)) = 7(u + v).
One can check directly from the definitions that this operation gives a commutative group structure on E (R),

with unit element (0,0) and inverses given by —(a,u) = (—a — €(u, —u), —u). The projection ¢: E — G is
evidently a homomorphism, and the kernel is

{(a,0) | @ € Homp, (Z(G),Nil(R)) | a(§(7)) =0 for all 7 € C(G)},
which is naturally identified with the group
Homo, (Z(G)/6C(G),Nil(R)) = Hom(Ext(G, G,), Nil(R)) = Hom(Ext(G, G,), Go)(R).
Now choose a coordinate on G, which gives a splitting
Z(G) = R{op,...,0pm-1} ®6(C(Q))
as in Proposition This gives a bijection E(R) — Nil(R)"~! x G(R) by
(a,u) = (a(op(F)),...,a(opn-1(F)),u).
We can make the target into a group by the rule
(@1, an—1,u) 4+ (bi,...,bp—1,v) = (a1 + b1 + 0p(F)(u,v), ..., an—1 + bp_1 + opn—1(F)(u,v),u + v),

and then our bijection becomes an isomorphism. Using this it is easy to give a nonadditive splitting of the
sequence

Hom(Ext(G, G,),G,) — E — G.
All that is left is to identify the cotangent space wg. Consider an Ox-linear map f: Z(G)/6Chig(G) — Ox.
We define a ring map

xf: Og = Ox @ C(G) = Oxle]/é

by x¢(r,7) =7+ €f(6(7)). This defines a section uy of G over spec(Ox|e]/€?) which restricts to zero on X.
Now let af be the composite

Z(G) = Z(G)/6Cy5(G) L Ox =5 Ox ]/

For any 7 € C(G) we have T(us) = xf(7) = €f(6(7)) = ay(7), so (af,uf) € E(Ox|e]/€?). This reduces
modulo € to zero, so it defines an element ay € tz. One can check directly that this construction gives an
isomorphism

Homp (M(G), Ox) = Homp (Z(G)/5Crig(G), Ox) — tE
and dually an isomorphism wz — M(G). O

We now give another description of the module M (G) which is sometimes useful. We will formulate the
first step for formal groups of arbitrary dimension, purely so that we can treat G X x G on the same footing
as G.
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DEFINITION 20.32. Given any formal group scheme G of dimension d over X we define Q¢,x as before
(so this is a free module of rank d over Og). We then let Q’é/X denote the k’th exterior power of g, x over

Og, and define a formal de Rham differential d: Q’é /x Qéf/;{ by the usual rule

d(fodft A -+ Ndfe) = dfo Ndft A=+ A dfi.
This satisfies d* = 0 so we can define the cohomology groups H;5(G/X) = H* (€2 x); these are contravari-
antly functorial in G. Next, we have natural maps d;: G xx G — G for i = 0,1,2 given by dg(u,v) = v
and d;(u,v) = u+ v and da(u,v) = u, which induce map d}: Hjp(G) = Hjr(G xx G). We say that a
class o € Hj(G) is primitive if df(a) — dj () + d3(a) = 0. We write Prim(Hj,(G/X)) for the subgroup of
primitives (which is naturally an Ox-module).

We now revert to the case where G is a one-dimensional group of Weierstrass height n < co.

We next want to define a map ¢: Z(G) — Prim(H}(G/X)). Let J be the ideal in Ogx ¢ of functions
that vanish on the diagonal, so that Qg,x = J/J?. Given o € Z(G), put a(u,v') = o(u,v’ —u), so & € J,
and let o be the image of & in Q¢ x.

LEMMA 20.33. If I is the ideal in Ogx  defining the zero section, then Z(G) < I2.

PrOOF. Let Iy and I; be the ideals defining 0 x G and G x 0 respectively. From the definitions it is
clear that Z(G) < Ip NIy and Iy, I; < I so it will suffice to prove that Iy N Iy = Ipl;. This is clear after we
choose a coordinate giving Ogx v = Ox|[zo, 21] with Iy = (z9) and I; = (x1). a

LEmMA 20.34. We have dja — dja + dsa = do € Qaxa/x- In particular, the left hand side is a
coboundary, so [a] € Prim(H}5(G/X)).

PROOF. Let J’ be the ideal of functions f on G% that satisfy f(u,v,u,v) =0, so Qoxxa/x = J' /(2.
The form do is represented by the function A € J’ given by A(u,v,u',v") = o(u,v) —o(u',v’), or equivalently

Mu,v,u+x,v+y) =o0(u,v) —o(u+z,v+y).

The form > j(fl)j djo is represented by the function u € J' given by
wu,v,u+z,v+y) =alv,v+y) —a(u+v,ut+v+z+y) —alu,u+x)
=o(v,y) —o(u+v,2+y)+o(u,z).

Let R(a,b,c) denote the cocycle identity

o(b,e) —o(a+b,c)—o(a,b+c) + o(a,b) =0.
After expanding and cancelling the identity

R(u,z,v+y) — R(u,v,z +y) — R(z,v,y) + R(v,2,y)

we find that
wlu,v,u+z,v+y) — Mu,v,u+ z,v+y) = o(z,y).
Here o € I? by Lemma [20.33] and it follows that u — A € (J')? as required. O

It is now clear that the construction o — [a] gives a homomorphism Z(G) — Prim(H}5(G/X)). It will
be useful to control the target of this map more precisely.

DEeFINITION 20.35. We put
Z'(G) ={a € Qg/x | a|lx =0, [o] € Prim(Hjx(G))}.

PROPOSITION 20.36. The construction o — « gives a homomorphism ¢: Z(G) — Z'(G) fitting into a
diagram as follows:

)

Ciig(G) "= Z(G) —— Ext;, (G, Go)

1 !

Chig(G) — Z'(G) — Prim(H},(G/X)).
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The top row s a splittable short exact sequence, and the bottom row is right exact.

PROOF. We have seen previously that the top row is a splittable short exact sequence. Now consider an
element o € Z(G) and define a(u, u+z) = o(u, z) and ¢(o) = « as before. Note that a(0,z) = ¢(0,z) = 0, so
a|x = 0. Given this and Lemma[20.34 we see that a € Z'(G), so we have a homomorphism ¢: Z(G) = Z'(G)
as indicated. Now consider the case o = 07 for some 7 € Cig(G). We then have a(u,u + z) = (67)(u,z) =
T(u+x) — 7(u) — 7(x), whereas d7 is represented by the function (u,u+ ) — 7(u) — 7(u+ ). The condition
T € Cig(G) means that 7 vanishes to second order at the identity and thus that the term 7(x) can be
neglected when we project to g, x. It follows that ¢(d(7)) = —dr, so the left hand square commutes.

We now prove that the bottom row is right exact. It is clear that dCis(G) < Z'(G) and that the
construction a + [a] gives a homomorphism Z'(G)/dClig(G) — Prim(H}p(G/X)); we claim that this
is an isomorphism. For the proof it is convenient to choose a coordinate z on G, and to let Dz denote
the unique element in Prim(Qq,x) with (Dz)|x = (dz)|x (as in Proposition [9.16). Consider an element
¢ € Prim(Hj,(G/X)). Choose a representative form o € Qg/x, let ¢ be the scalar such that a|x =
tdr|x, and put o = a — tdzx. We find that ' is another representative of ¢ lying in Z'(G), so the map
Z'(@)/dChig(G) — Prim(H}5(G/X)) is surjective. If a € Z'(@) and [a] = 0 then we must have o = dr for
some 7 € Og, and after subtracting a constant we may assume that 7 € C(G). The assumption a|x = 0
then forces 7 € Cig(G). It follows that our map is also injective.

Finally, as the left square commutes we have an induced map of cokernels, which gives ¢: Ext,is (G, @a) —
Prim(H}z(G/X)) as required. O

So far we have implicitly worked with a formal group G of finite Weierstrass height over an affine scheme
X (which forces p to be nilpotent in Ox). Our results extend more or less automatically to cover the case
where X is a formal scheme where p is topologically nilpotent in Ox, but need not be actually nilpotent. In
that context it is possible for Ox to be torsion-free.

PROPOSITION 20.37. If Ox is torsion-free then the map ¢: Z(G) — Z'(G) is an isomorphism, as is the
induced map Extyig(G,G,) — Prim(H}z(G/X)).

ProOOF. The key point about the torsion-free case is that if f € Ogr ~ Ox[z1,...,2,] and df = 0 then
f is constant (i.e. it lies in the subring Ox). This will be used several times.

Suppose that o € Z(G) satisfies ¢(o) = 0. Lemma then gives do = Zj(—l)jd;fgb(a) =0,s0 0 is
constant. We also have ¢(0,0) = 0 by the definition of Z(G), so o = 0. This proves that ¢ is injective.

Now suppose we start with o € Z’(G). As the class [a] is primitive we must have Zj(—l)jd}*a =do
for some function o € Ogx . After subtracting a constant we may assume that ¢(0,0) = 0, and then o
is uniquely determined. We claim that o € Z(G). Indeed, using the uniqueness property we deduce that
o(u,v) = o(v,u). We next introduce maps

ditGXXGXXG%GXXG
as follows:
do(u,v,w) = (v,w) di(u,v,w) = (u+ v, w) da(u,v,w) = (u,v + w) ds(u,v,w) = (u,v).

For the cocycle identity we must show that the function p = >",(=1)'dfo € Ogxaxxc is zero. As Ox
is torsion-free and p(0,0,0) = 0 it will suffice to prove that dp = 0. Here d commutes with the operators
df and do = 3 (=1)dja so dp = )7, ;(=1)"*7d;dja. This is zero by a standard argument with simplicial
identities, which can also be written out more explicitly if desired. Thus, o satisfies the cocycle identity, and
also the identity o(u,0) = 0 by Remark Thus ¢ € Z(G) as claimed.

Now put 3 = ¢(0) € Z'(G) and v = a— 8 € Z'(G). By the construction of o we have Y (—1)/d*a = do,
but by Lemmawe have Y~ (—1)/d} = do, so Y (—1)7d}~ = 0. This means that v € Prim(Qg,x). We
know from Proposition that the map 6 — 0| x gives an isomorphism Prim(Q¢,x) — wg, but v € Z'(G)
so v|x = 0, so v = 0. This means that « = 8 = ¢(0), so ¢ is surjective and thus an isomorphism. It
follows directly from Proposition that the induced map Ext,iz(G, Ga) — Prim(H},(G/X)) is also an

(Il

isomorphism.
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21. Curves and their operators

DEFINITION 21.1. Let G be a formal group over a scheme X. A curve on G just means a morphism
v: Al x X — G of formal schemes over X that preserves the zero sections. We write Curves(G) for the set
of all curves on GG, and we use the group structure of G to make this a group.

DEFINITION 21.2. We say that a curve v is basic if the map ~: Al x X — G is an isomorphism. If so,
the inverse map has the form u — (x(u), m(u)) for some coordinate x. By a slight abuse of language, we say
that v and x are inverse to each other.

To be explicit, a curve should be written as v(a,t) to indicate the dependence on a € X and ¢ € Al
However, we will often streamline the notation by omitting explicit mention of a.

DEFINITION 21.3. We define maps 6,, vy, fn: Curves(G) — Curves(G) (for n,m € Nt and a € Ox) as
follows.

(a) We define (6,7)(t) = ~(at), or more explicitly (6,7)(z,t) = v(x,a(x)t) for x € X and ¢t € AL.
These are called homothety operators.

(b) Similarly, we put (vp,,y)(t) = y({™), or (vm7y)(z,t) = v(x,t™). These are called verschiebung
operators.

(¢) The definition of f, is more complicated. First, we let f/ ~: (&m/Zm) x X — G be the unique
map making the right hand square below commute.

)

Alx X Amxx — 2, gm

| i |

A™ x X = (A™/%,,) x X —— G.
mY

We then let o(t1,...,t,) be the list of elementary symmetric functions in the variables ¢;, starting
with >, ¢; and ending with [[,¢;. This defines an isomorphism ¢ as shown. Next, we define
im(t) = (0,...,0,(=1)™*%) and f,y = (f, 7)o Yi,m. These are called frobenius operators. (The
connection with Frobenius morphisms as discussed previously is rather indirect, and will not be
discussed until much later.)

REMARK 21.4. Suppose that Ox contains a primitive m’th root of unity ¢, so that H;’;Bl (1—t¢h) = 1—t™
in Ox[t]. This means that the elementary symmetric functions of the vector ¢*(t) = [t,(t,...,(™ t] are
0,...,0,(=1)™*1, We can thus define ¢y™: A — Al by 9™ (t) = t™ and then enlarge the above diagram as
follows:

AMxx  Aixx —C S Anxx -2 56y

J l b

Am x X = (A™ /%) x X —— G,
mY

Using this we find that (vy, fry)(t) = (fmy) (™) = Z;':)l v(¢%). Note that this characterises f,,7, because
the map 9™ is an epimorphism of schemes. If Ox does not have a primitive m’th root of unity then we
can just adjoin one by forming the ring Ox[(]/¢m({) (where ¢,y is the m’th cyclotomic polynomial) and the
corresponding scheme X’. This is faithfully flat over X so most properties of f,, can be proved by changing
base to X'.
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EXAMPLE 21.5. Consider the case where G = G, x X, so Curves(G) = {g(t) € Ox|t] | g(0) = 0}, with
group structure by ordinary addition. If g(t) = >, c;t’, then

(0ag)(t) = g(at) = Y (cia )

>0
(0g) (1) = gt7) = 3 et
i>0
(fag)(t") th’ZC”’:chnkt"’“
>0 j=0 k>0
fng chnkt
k>0

PROPOSITION 21.6. All the above operators respect addition in Curves(G), and they satisfy the following
identities:

006 = Oap
UnUm = Unm
fnfm = fnm
frnon=n
fnVm =V fn if (n,m) =1
fnba = 0un fr

0,0, = 0,0n.
Moreover, we have 61 = vy = f1 = id

PRroOF. It is straightforward to check that all operators preserve addition and that 6,6, = 0,, and
UpUm = Upm and O,v,, = v,0,n. Next, after making a faithfully flat base change if necessary, we may assume
that Ox contains a primitive nm’th root of unity, say £&. We then have

afo) (™) = S () €7 = 3 (Frn) (€)™
1=0 1=0
-y Z HETE) = 37 AED = (fum) (™),
i=0 j=0 k=0

It follows that f,, fin, = fam as claimed. For the remaining identities we use the element { = £, which is a
primitive n’th root of unity. Next, we have

m—1 m—1 m—1
(faon) (") = D (0a) (1) = Y A" = D At t").
i=0 i=0 i=0
This gives f,v, = n. On the other hand, if m and n are coprime then the map ¢* — (™ is bijective and so
m—1 m—1 m—1
(faom) (™) =Y (a1 = DA™ = D A(CH™) = (0 far) (1)
i=0 i=0 i=0
Finally, we have
n—1
(Oan foy) (") = (fu7)(( ZV Cat) =D (0a7)(C'1) = (fnba)(E").
=0
This gives f,0, = 0,» fr, and completes the proof. |

REMARK 21.7. Suppose that n is invertible in Ox. We then find that n.1g: G — G is an isomorphism,
and it follows that multiplication by n is an isomorphism on Curves(G).
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REMARK 21.8. We can regard A! as the colimit of the schemes D,, = spec(Z[t]/t"1), and this makes
Curves(G) the inverse limit of the groups Map% (D, x X, G). We give these groups the discrete topology,
and then we give Curves(G) the inverse limit topology.

More concretely, we can choose a coordinate x on G. Then, for any curve 7 there is a formal power
series g(t) € Ox[t] such that x(y(¢)) = g(t); this identifies Curves(G) with ¢t Ox[t], with group operation
given by +g. In this picture the topology on Curves(G) is just the t-adic topology.

We can use this topology to interpret various infinite sums of the operators in Definition 21.3]

DEFINITION 21.9. Let p be a prime number. A curve v is p-typical if f,, v = 0 for all m > 1 with m # 0
mod p). We write Curves,(G) for the subgroup of p-typical curves.
P

REMARK 21.10. We also say that a curve v is additive if it satisfies v(s +t) = vy(s) + y(¢). If so, it is
easy to check that f,,v =0 for all m > 1, so that v is p-typical for all p.

Until further notice, we will assume that Ox is a Z,)-algebra for some prime p.
PROPOSITION 21.11. The group Curves,(G) is naturally a summand in Curves(G).

PROOF. We define an operator

=TI - q  vufs) = 30 um)va .
q n

Here the product is indexed by all primes ¢ different from p, and the sum is indexed by all positive integers
n # 0 (mod p). The function p is the Mébius function, so u(n) = (—=1)7 if n is a product of j distinct primes,
and p(n) = 0 if n is not square-free. It makes sense to multiply by ¢~ or m~! because of Remark
If we identify curves with power series as in Remark then vy is just the operator g(t) — g(t*) = 0
(mod t*); it follows that the sum and the product are both convergent, and a straightforward argument
shows that they are the same. As f,v, = ¢ we see that ¢~ lv,f, is idempotent, and therefore the operator
€g=1- q_lvq fqq is also idempotent. We also see from Proposition @ that these idempotents commute,
and thus that € is also idempotent. It is clear that if v is p-typical then €(v) = . Conversely, we have
fq€q = 0 and so fye = 0 for all g # p, so €(v) is always p-typical. This shows that e gives a natural retraction
Curves(G) — Curves,(G). O

EXAMPLE 21.12. Consider the case where G = G, x X and 7 corresponds to a series g(t) = Y, ¢;t’.
Using Example we see that f,y =0 iff ¢j4 = 0 for all j, and thus that v is p-typical iff ¢, = 0 whenever

k is not a power of p. In the general case we find that (eg)(t) = ), Cpitpl, S0 € is just the most obvious
projector onto Curves,(G).

DEFINITION 21.13. Consider a coordinate z: G — A'. The map (z,7): G — A x X is then an
isomorphism, with inverse ~y: Alx X > G say. We say that x is a p-typical coordinate iff v is a p-typical
curve. We say that a formal group law F over Ox is p-typical iff the tautological coordinate on the formal
group G is p-typical.

PROPOSITION 21.14. Any formal group G (over a p-local base, by our standing assumption) admits a
p-typical coordinate.

PROOF. Choose any coordinate x, and let v denote the inverse curve as in Definition[21.13, Put 6 = €(v),
and note that this agrees with ~ to first order, so it is also an isomorphism A' x X — G. We can invert this
and project to A! to get a new coordinate y on G, which is easily seen to be p-typical. O

PROPOSITION 21.15. Let x be a p-typical coordinate on G, and let v be the inverse curve, and let § be any
other p-typical curve. Then there is a unique sequence of coefficients a; € Ox such that § = o0, v104.7,

=0 “p
or equivalently 6(t) = 3,50 v(a;it?").

PRrOOF. Put g(t) = z(5(t)) € Ox[t]. Suppose that this has the form g(t) = at? (mod t4+!) with a # 0.
We claim that d is a power of p. If not, we can choose a prime ¢ # p dividing d and apply x to the identity
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Vg fq0 = 0 to get

F F
0= > 2(6(¢t) = > g(¢'t) = qat” (mod '),
0<i<gq 0<i<q

which contradicts the assumption a # 0. We thus have d = p’ for some i, and it follows that ¢ — Vi gy
vanishes to order strictly greater than d. The proposition follows by a standard argument of successive
approximation. ([l

PROPOSITION 21.16. Let G be a formal group over a base X such that Ox is an algebra over Zy,), and
let o be a generator for wg. Then there is a canonical additive curve n on G with n*a = pdpt. In terms of
a suitable coordinate this is given by x(n(t)) = expp(pt).

PrOOF. Choose a coordinate x with o = dgz, and let y be the inverse curve, so v*a = dyt. Put 0 = €(v),
so 0 is p-typical and 0*a = dot. Put n = (p — v, fp)d. We claim that this is additive and independent of the
choice of x, and that n*a = pdot.

To prove this, let y be the p-typical coordinate inverse to d, and let F' be the corresponding formal group
law. We then have

y(n(t)) = Plr(y(t) —r y((f0) (7)) = pt  (mod t?),
which gives n*a = pé*a = pdot.

Now let ¢’ be another p-typical curve with (§')*a = dyt. By Proposition We have &' =7, vé@aié
for some list of coefficients a;, and the condition on o implies that ag = 1. As f,v, = p we see that
(p— vpfp)via,0 = 0 and so (p — v, f,)8' = (p — v, fp)d, so 1 is well-defined.

All that is left is to show that 7 is additive. If Ox is a Q-algebra then (by the theory of logarithms)
we can take z to be an additive coordinate, and we then find that § = v and f,0 = f,v = 0so n = p~,
which is certainly additive. For general X we can apply the previous case to see that n becomes additive
over Q ® Ox. If Oy is torsion-free this implies easily that 7 itself is additive. In particular, as the Lazard
ring is torsion-free we see that n is additive in the case of the universal FGL, and it follows by base change
that it is additive for any formal group. |

PROPOSITION 21.17. Let v be any p-typical basic curve on G, inverse to a coordinate x. Let n be the
canonical additive curve such that n*dox = pdot. Then there is a unique series of elements uy € Ox (for
k> 0) such that

k
py(t) =)+ Y y(uxt”).
E>0
PROOF. We have a p-typical curve B(t) = pvy(t) — n(t), which satisfies 5*« = 0. We can use Proposi-
tion [21.15| to expand (3 as B(t) = >, fy(uktpk), and then by considering the effect on dox we get uy = 0, so
this rearranges to give py(t) = 1(t) + > 1v0 'y(uktpk) as claimed. O

REMARK 21.18. If we let F' be the formal group law such that v(s) + v(t) = v(s +F t), and apply x to
the equation displayed above, we get

F

plr(t) = expp(pt) +7 > urt”",
k>0

which is how things are more commonly written in the literature. The elements u;, are called the Hazewinkel
parameters of (G,~) or of F.

22. Witt vectors

Let R be a ring. In this section we will define and study a ring W(R) called the big Witt ring of R.
This is naturally compared with two other rings NW(R) and GW (R) which are easier to define and which

have natural maps NW(R) & W (R) 2= GW(R).
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DEFINITION 22.1. The ghost Witt ring GW(R) is just Map(N*t, R) (where NT is the set of strictly
positive integers). We consider this as a ring under pointwise operations. For each integer n > 0 we define
F,,V,: GW(R) - GW(R) by

(Fnu)(m) = u(nm)
nu(m/n) ifn|m

(Vau)(m) = {

0 otherwise.

REMARK 22.2. It is clear that F), is a ring map and that F, F,, = Fy,,, and that F,,V,u = nu. However,
Vy, is not a ring map, but it is additive and satisfies a reciprocity formula = V,,(y) = V,,(Fn.(2)y).

DEFINITION 22.3. The naive Witt ring NW (R) is the free abelian group on elements 7(a) for a € R,
subject only to the relation 7(0) = 0. This has an evident ring structure given by the rule 7(a)7(b) = 7(ab).
For each n > 0 there is a natural ring endomorphism F,,: NW(R) — NW(R) given by F,7(a) = 7(a").

If R is an algebraically closed field of characteristic 0, then we can also define V;,: NW(R) — NW(R) by
Vat(a) =Y n_, 7(b). This is not a ring map but satisfies a reciprocity formula x V,,(y) = V,,(F,.(x)y). We
also have a ring map w,, = w1 F,,: NW(R) — R given by w,7(a) = a. By combining these we get a ring
map wy: NW(R) - GW(R) defined by w.(7(a))(n) = wy(a).

The genuine Witt ring W (R) will also have operators V,, and F,, and maps R = W(R) 2 R, with
formal properties similar to the naive versions (except that V,, will be defined for all rings R, not just

for algebraically closed fields of characteristic 0). One can think of W(R) as a kind of completion of a
sheafification of NW(R).

DEFINITION 22.4. As a set, W(R) is just Map(N™T, R). However, the ring operations are not the obvious
ones, and will be introduced later. We give W (R) the product topology deduced from the discrete topology
on R.

We define maps

RL W(R) = W(R) * R
by

0 otherwise

r(u)(n) = {u ifn=1

{a(m/n) ifn|m

0 otherwise

wy(a) = Z da(d)™?.
d|n

We also define w,: W(R) - GW(R) by w.(a)(n) = wy(a) for all n > 0. Maps F,: W(R) - W(R) will be
introduced later.

Now consider a subset U C NT. We say that U is closed under factorisation if 1 € U, and whenever
nm € U we have n,m € U. It will turn out in this case that the set Map(U, R) inherits a ring structure as
a quotient ring of W(R). In particular, we will use the rings

W, (R) = Map({d | d divides n}, R)
Wy (R) = Map(p", R).
We will sometimes refer to Wy (R) as the small Witt ring.

REMARK 22.5. Let X: Rings — Sets be a functor such that X (R) is naturally isomorphic to a finite or
countable product of copies of R. It is then clear that X is an affine scheme, with Ox being a polynomial
algebra in a finite or countable set of variables over Z. In particular, this applies if X = W or X = GW or
X =Wy, or X = Wy, or if X is a finite product of functors from this list. Note that in these cases Ox is

torsion-free, so Proposition [4.14] is applicable: to prove that two maps f,g: X — Y are equal, it suffices to
check that fr = gr: X(R) — Y(R) whenever R is a Q-algebra.
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LEMMA 22.6. The map wy: W(R) = GW(R) is a bijection when R is a Q-algebra, and is injective when
R is torsion-free.

PROOF. For each n > 0 we can define a polynomial f,, (with rational coefficients) in the variables
{uq | d|n} by the recursive rule

Fulw) = a0 d falu)

d<n, d|n

If R is a Q-algebra we can then define f.: GW(R) — W(R) by f«(u)(n) = f,(u). This is easily seen to be
inverse to w,. Now suppose only that R is torsion-free. By considering the square

W(R) —2— GW(R)

! !

W(Q®R) —— GW(Q® R)
we see that w, is still injective. O

LEMMA 22.7. There is a bijection e: W(R) — (1+t R[t]) given by e(a)(t) = [[,,(1 —a(n)t™). Moreover,
we have

NWn(a) ifn|m

0 otherwise

L) -
L@~ 2

PROOF. The product is clearly t-adically convergent, and thus well-defined. Suppose we have a power
series f(t) € 14t R[t], and we have found a(d) for all d < n such that [],_, (1 —a(d)t?) = f(¢) (mod ¢t"1).
We then have f(t) [T c,(1 — a(d)t®)™" = 1 — ut™ (mod t"*!) for some u € R, and we define a(n) = u.
Extending this recursively gives the unique element a € W(R) such that e(a) = f. Thus, we see that
e: W(R) — (14t R[t]) is a bijection.

The identities e(7(u))(t) = 1 — at and e(Vy,a)(t) = e(a)(t™) and w, (7(u)) = u™ are immediate from the
definitions. We also have

win (Vn(a)) = d (Vaa)(d)™*.

d|m

Recall that (V,a)(d) is zero unless n | d. This means that the sum is zero if n does not divide m. If n does
divide m, then we can reindex the sum by d = nk, so k must divide m/n and (V,,a)(d) = a(k). We get

wm (Va(a)) = Z nka(k)(m/n)/k = nwm/n(a)

as claimed.
Finally, note that the construction f(t) — —t f'(t)/f(t) converts products to sums, and it sends 1—a(d)t?
to the series

—da(d)t*=t  a(d)t idi
. a(d)td g a(d)td ;da(d) .

It therefore sends the series e(a)(t) = [[,(1 — a(d)t?) to > odis0 da(d)t?, which is the same as Y, w,(a)t",
as required. 0
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DEFINITION 22.8. For a,b € W(R) we define a + b = e~ !(e(a)e(b)) and ab = e~ *(f(a,b)(t)), where

H=TI TI @ -atr)ybGs) ey,

Jj (r,s)=1
We also define elements 0,1 € W(R) by 0 =7(0) and 1 = 7(1).

THEOREM 22.9. The above operations give a commutative ring structure on W(R). Moreover:

(a) There is a unique additive map i: NW(R) — W(R) sending 7(a) to 7(a) for all a, and this is a
ring map.

(b) The map ws: W(R) — GW(R) is a ring map, and the composite w, o i is the same as the map
wy: NW(R) - GW(R) defined previously.

(¢) The maps Vy,: W(R) — W(R) are additive, and they make the right hand square in the following
diagram commute. If R is an algebraically closed field of characteristic zero (so that V,,: NW(R) —
NW(R) is defined) then the left hand square also commutes.

NW(R) —— W(R) —%~— GW(R)
| e e
NW(R) —— W(R) —— GW(R)
We also have V,,V,,, = Vi for all n,m > 0.

PROOF. First, it follows directly from the definitions that w,(7(a)) = a™ for all @ € R and n > 0, and
thus that w, sends the elements 0,1 € W(R) to the elements 0,1 € GW(R).
Next, we have e(a + b) = e(a)e(b), so

elatb)(t) _ _ela)(t) e

clat+d)(t) — e(a)(t) e®d)(t)’

and we can combine this with Lemma 22.7) to see that w,,(a + b) = wy(a) + w,(b). Similarly, we have

f(a b) S rygkrs
—t f(a,b) Jz};(z):l] ’I”Sa(jr,«)k b(js)k ik

Now define a map
{(G, k,r,s) € (NDY | (r,5) =1} = {(n,d,e) € (NT)? | d and e divide n}

by (4, k,r,s) — (jkrs,jnjs). One can check that this is a bijection, and it follows that

Zzzdea’ n/d n/etn_zwn n 7

n dln eln

t

s0 wy,(ab) = wy (a)wy (b). Thus, the maps w,: W(R) — GW (R) preserve addition and multiplication.

Now define fr,gr: W(R)> — W(R) by fr(a,b,c) = a(b+ c) and ggr(a,b,c) = ab+ ac. As GW(R) is
a commutative ring and w, preserves addition and multiplication we see that w, o f = w,0g. If Ris a
Q-algebra then w,: W(R) — GW (R) is a bijection so we see that fr = gg. It follows using Proposition [4.14]
that f = g, or in other words that the left distributivity axiom is satisfied in W(R) for all commutative
rings R. The other ring axioms for W (R) can be checked in the same way. (Some of the axioms can also be
checked easily from the definitions. For example, it is clear that 1 + ¢ R[t] is a group under multiplication,
so W(R) is a group under addition.)

We next claim that 7(u)7(v) = 7(uv) for all u,v € R. Equivalently, we claim that f(7(u),7(v))(t) =
e(T(uwv))(t) = 1+ wvt. This follows directly from Definition because almost all terms in the relevant
products are equal to 1. Because of this, we have a ring map i: NW(R) — W(R) sending 7(u) to 7(u). The
maps w,: NW(R) — R and w,0i: NW(R) — R both send 7(u) to u™, and NW (R) is generated additively
by elements of the form 7(u), 80 Wy 01 = w,.
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From the relation e(V,(a))(t) = e(a)(t™) it is clear that V,, is additive and V,,V,, = V,,p,. By differenti-
ating, we get

w aNt® = — e(Va(a))'(t) _ nt" ! e(a)'(t") =-n nela) (") =n W (@)™
% k(Va(a))t te(Vn(a))(t) t e(a)(t™) ' e(a)(t mz>0 el

This gives wi(Vn(a)) = nwy/,(a) if n divides k, and wy(V;,(a)) = 0 in all other cases. Thus, in the diagram
of claim (c), the right hand square commutes.

For the left hand square, note that e(V,,(7(w)))(t) = e(r(w))(t") = 1 — ut™.

we need to show that V,(7(u)) = 7(u™)

The remaining properties are less easy to see directly, but we can check them using the map wi,.

It follows that the map w,: W(R) — GW (R) respects addition and multiplication, if we define these
pointwise on [[, R. It follows, for example, that

w((ab)e — a(be)) = (w(a)w(b))w(c) — w(a)(w(b)w(c)) = 0.

If R is torsion-free then w is injective, so (ab)c = a(bc). The other ring axioms can be verified the same way,
so W(R) is a ring. Finally, even if R has torsion, we can always find a torsion-free ring R’ with a surjective
map 7: R’ — R. (Indeed, we can just take R’ to be a polynomial ring over Z with one generator z, for each
element r € R, and define 7(z,) = r.) Now W(R') is a ring and 7 induces a surjective map W(R') — W(R)
that preserves addition and multiplication, and it follows easily that W(R) also satisfies the commutative
ring axioms. ([l

REMARK 22.10. Because 7(0) = 0 and 7(1) = 1 and 7(uv) = 7(u)7(v), we see that there is a unique ring
map (: NW(R) — W(R) satisfying (7(u) = 7(u) for all v € R. For any element x = Y. n;7(u;) € NW(R),
we see that e(¢(x))(t) = [[,(1 — a;t)™. The difference between NW (R) and W (R) is that

(a) In e(W(R)) we have arbitrary power series, but e(NW(R)) only has rational functions, so we have
performed a kind of completion.

(b) The rational functions arising from NW (R) are automatically factored into linear factors, but for
arbitrary rational functions this kind of factorisation may not be possible without passing to an
algebraic extension. This means that we have performed a kind of sheafification.

LEMMA 22.11. Any a € W(R) can be expressed as a = o Va(T(a(n))).
PROOF. It is equivalent to say that e(a)(t) = [],,o e(Va(7(a(n))))(t). We have seen that

e(Va(r(a(n))))(t) = e(r(a(n)))(t") = 1 — a(n)t",

so the claim is immediate from the definition of e. O

DEFINITION 22.12. Consider a power series f(t) € 1 + ¢t R[t] and an integer n > 0. Put P, = R[t"],
so R[t] is free of rank n as a module over P,, with basis {t! | 0 < i < n}. Multiplication by f(t) gives a
P,-linear endomorphism of R[t], which we denote by ., (f). The determinant det(u(f)) lies in P, so it has
the form (F, f)(t") for some series (F, f)(t). If we take the matrix representing u(f) and reduce it modulo
the augmentation ideal (") in P,, it is easy to see that the resulting matrix is upper triangular, with all
diagonal entries equal to one. It follows that (F,f)(0) = 1, or in other words (F, f)(t) € 1+ ¢ R[t]. This
allows us to define F,,: W(R) — W(R) by F,a = e }(F,(e(a))).

PROPOSITION 22.13. The map F,,: W(R) — W(R) is a ring homomorphism, with F,(r(u)) = 7(u") for
all w € R, and wp, (Fp,(a)) = wpm(a) for all a € W(R).

PRrROOF. Multiplicativity of determinants implies that the map F,: 1+ ¢t R[t] — 1+ t R[t] preserves
products. As e(a + b) = e(a)e(b), it follows that the map F,: W(R) — W(R) preserves addition. We next
claim that F,(7(u)) = 7(u™). We will explain the case n = 4; the general case follows the same pattern.
Consider the matrix identity

1 0 00 1 0 0 —ut? 1 0 0 —ut?
a 1 0 Of |[—u 1 0 0 101 0 —u?td
0 a 1 O 0 —u 1 0 10 0 1 —udtt
0 0 a 1 0 0 -u 1 0 0 0 1—u**
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The second matrix is the matrix of uy(f) with respect to the basis {t' | 0 < i < 4}, where f(t) = e(r(u))(t) =
1 — ut. The first matrix clearly has determinant 1, and the last matrix clearly has determinant 1 — u*t4,
so det(us(f)) = 1 — ut?, so Fy(f)(t) = 1 — u*t. This is the same as e(7(u?))(t), so Fy(r(u)) = 7(u?).
In exactly the same way, we can prove that F,(7(u)) = 7(u™) for all n > 0. Now put Z,,, = {a €
W(R) | wm(Fn(a)) = Wmn(a)}. The maps wm, Wy and F,, preserve addition, so Z, ,, is an additive
subgroup of W(R). We have wp, (7(u)) = «™ and wm(Fn(T(u))) = W, (T(u™)) = u™ 50 T(u) € Zpm. It
follows that for any wui,...,u, € R we have > . 7(u;) € Zy, ;. A Zariski density argument now shows that
Znm = W(R), so wm(Fn(a)) = Wpn(a) for all a as claimed explain in more detail. Tt follows in turn that
Wi, (Fp(ab) — F(a)F, (b)) = 0 for all a,b € R and n,m > 0. If R is torsion-free, the maps w,, are jointly
injective so we see that F;, preserves multiplication. We saw previously that it also preserves addition, so it
is a ring map. For general R we can consider a torsion-free ring with a surjective homomorphism to R, and
we deduce by naturality that F,: W(R) — W (R) is a ring map even if R has torsion. ]

COROLLARY 22.14. The operations F,, and V,, satisfy identities as follows:

F.Va=n

F,Vy, =V F, if ged(n,m) = 1.

PROOF. By the usual reduction to the torsion-free case, it will suffice to check the following:

wi(Fn(Fn(a))) = w(Fam(a))

wi(Va(Vin())) = wi(Vam(a))

wi(Fn(Va(a))) = nw(a)

wi(Fn(Vin(@))) = wi (Vi (Fn (0))) if ged(n, m) = 1.
v,

Recall that wy(F, (b)) = wrn(b) and wi(V, (b)) = nwy,(b), where we interpret wy,, (b) as zero if k/n is
not an integer. The first three identities follow directly from this. For the last identity, the left hand side
is mwyp/m(a) if nk/m is an integer, and zero otherwise. The right hand side is m wy/m (a) if k/m is an
integer, and zero otherwise. Because n and m are coprime, we see that nk/m is an integer iff k/m is an
integer, so the two sides are equal. O

LEMMA 22.15. Suppose that R is a Z/p-algebra, so we have a ring endomorphism ¢: R — R given by
¢(a) = aP, and an induced ring endomorphism ® = W(¢) of W(R). Then we have V,®(a) = pa for all
ae€W(R).

ProOF. It will suffice to show that e(V,®(a))(t) = e(pa)(t) in 1 + ¢t R[¢]. For this we note that

e(Vp@(a))(t) = e(®(a))(t?) = [T = ¢(a(k))"*) = T](1 — a(k)?e™")

k k

= (H(l - a(k)t’“)> = e(a)(t)" = e(pa)(t).

k

O

LEMMA 22.16. If a(n)b(n) = 0 for all n, then the Witt sum of a and b is just the ordinary sum, so

(a+b)(n) =a(n) + b(n).

PRrROOF. Put ¢(n) = a(n) + b(n). We must show that ¢ is the Witt sum of a and b, or in other words
e(c) = e(a)e(b). As a(n)b(n) = 0 we have

(14 a(n)t™)(1 4+ b(n)t") = 1+ a(n)t" + b(n)t"™ + a(n)b(n)t*" = 1+ c¢(n)t"
and we can take the product over all n to prove the claim. O
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DEFINITION 22.17. Let U C Nt be closed under factorisation, and put
IyR={a:N" = R|a(U) =0}
WyR = {a: Nt = R|a(U) = 0}.
We will identify Iy R with Map(U¢, R) and Wy R with Map(U, R) where convenient. Given a € W(R) we

define an element aly € Wy R by (a|ly)(n) = a(n) for n € U, and (a|y)(n) = 0 for n € U. We define
alye € IyR in a similar way.

PROPOSITION 22.18. There is a unique ring structure on Wy R for which the map a — aly gives a ring
homomorphism W (R) — Wy R. The kernel of this homomorphism is Iy R, so we get an induced isomorphism
W(R)/IyR — WyR. Forn € U the ring map wy,: W(R) — R factors through Wy R. These maps taken
together give a ring map w: Wy R — [[,; R which is an isomorphism when R is a Q-algebra, and injective
when R is torsion-free.

The proof will follow after some preliminaries.

LEMMA 22.19. Ifa € Iy R then wy(a) =0 for alln € U. Conversely, if R is torsion-free and wy,(a) = 0
foralln € U, then a € Iy R.

PRrROOF. First suppose that a € IyR. For n € U we observe that a(d) = 0 whenever d|n, and thus
that wy(a) = 0. Now suppose that R is torsion-free, and that for all n € U we have wy(a) = 0. We must
show that a(n) = 0, and we may assume inductively that a(d) = 0 for all proper divisors d of n. With that
assumption the equation wy,(a) = 0 reduces to na(n) = 0 and the claim follows. O

COROLLARY 22.20. IyR is an ideal in W(R).

PROOF. This is clear from the lemma in the torsion-free case, and we can recover the general case by
writing R as a quotient of a torsion-free ring. |

PROOF OF PROPOSITION 22.18 We have seen that Iy R is an ideal. For a € W(R) we see using
Lemma 22.16] that a = (a|v)+ (a|ue) = (alv) (mod IyR). Thus, if a|y = bly we find that a = b (mod Iy R).
We next claim that the converse also holds. Indeed, suppose that a,b € W(R) with a = b (mod IyR). We
also have a = a|y (mod Iy R) and b = b|yy (mod Iy R) so aly = b|y+c for some ¢ € Iy R. Lemmal[22.16]tellus
us that the sum by + ¢ is just the ordinary pointwise sum, so it commutes with restriction. In particular we
can restrict to U€ to see that ¢ = 0, so a|y = b|y as claimed. We can thus define addition and multiplication
on Wy R by

a+y b= (a+b)|y = the unique ¢ € Wy R such that a + b=c¢ (mod IyR)
a.yb = (ab)|y = the unique d € Wiy R such that ab=d (mod IyR) .
It is straightforward to check that this gives a ring structure for which the restriction map is a homomorphism

with kernel Iy R. If n € U it is immediate from the definitions that w,(a) depends only on a(d) for d € U,
s0 wy(a) = wp(a|y). The rest is now easy. O

DEFINITION 22.21. When discussing W (R), we will write F' for F), and V for V},. Elements of Wy (R)
are represented by maps a: p' — R, and we write a[k] for a(p*). We also write wy(a) for wyx(a).

PROPOSITION 22.22. Let p be a prime, and let R be a finite Z/p-algebra, with |R| = p™ say. Suppose also
that R is reduced, so that the Frobenius map ¢: a — af is an automorphism. Then Wyee (R) is a free module
of rank n over Z,, and the map wy): a — ay gives an isomorphism Wye(R)/p — R. Thus, the functor Wye
is inverse to the reduction functor in Theorem|15.15. Moreover, in this context we have F' = Wyeo (¢), which
is an automorphism of Wye (R), and VF = FV = p.

PROOF. Put ® = Wyee(¢): Wpeo (R) — Wipeo (R). This is a ring automorphism, which commutes with
F and V by naturality. From Lemma [22.15| we see that V®(a) = pa for all a. From the definition of V' we
see that the sequence Wy (R) N Wy (R) 219 R is short exact. As VO = p and @ is an automorphism
it follows that the sequence Wy (R) 2> Wye (R) 219, R is also short exact, so Wpyee (R) is torsion-free with
Wy (R)/p = R.
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It is also clear that ®(7(u)) = 7(é(u)). An induction using these facts gives V*(7(u)) = p*7(¢%(u)).
A typical element a € Wy (R) can be expressed as a = Y 5, V*(7(alk])) = Yoo p*7(¢07F(alk])). It
follows that W, (R) is p-complete and is generated by the finite set 7(R) as a module over Z,. As it is
finitely generated over Z, and torsion-free, it is in fact free. As Wy (R)/p = R ~ (Z/p)™, we must have
Wpoo (R) >~ Zg

Now note that F' and ® are both Z,-module endomorphisms of Wy~ (R), and they are easily seen to
agree on the generating set 7(R), so they are the same. We have noted that ® commutes with V', so F
commutes with V. For any ring we have F'V = p, but now we can deduce that VF = p as well. g

DEFINITION 22.23. We define W(R) C W(R) to be the set of maps a: N* — R such that a(n) is
nilpotent for all n and is zero for n > 0. This is easily seen to be an ideal in W(R). We regard the functor

W Rings — Sets as an infinite-dimensional formal scheme, and we note that the map 7: R — W(R) gives
a morphism A! — W of formal schemes.

PROPOSITION 22.24. Let G be a formal group over X, and let ~y: Al x X — G be a curve. Then there
is a unique homomorphism 7: W x X — G of formal group schemes with Yo1 =~v: Al = G.

PrOOF. We define ¥(a) = >, - o(fny)(a(n)). (More precisely, this should be written

V(a,z) = Z(fn’y)(a(n)’ )
n>0
for all rings R and a € W(R) and = € X(R).) We want to prove that ¥(a + b) = y(a) + 7(b). We first treat
the case where G is just the additive formal group. We can then write v(t) = >, , c;t* for some sequence
of coefficients ¢;, and Example gives (fny)(t) = 3 a0 ncnitt. It follows that

Y(a) = Z carna(n)k = Z Cm Zna(n)m/” = Z CmWp (a).

n,k>0 m>0 nlm m>0

As the maps w,, are additive, we see that the map 7: W x X — G. Is additive in this case. If Ox is a
Q-algebra then every G is isomorphic to the additive group, so we see that 7 is always additive. If Oy is
merely torsion-free, then it injects in Q ® Ox and we deduce again that 7 is additive. Finally, we can always
write Ox as a quotient of a torsion-free ring, an(i\ by naturality we find that 7 is additive in all cases.

Now suppose we have a homomorphism «: W — G with o7 = 0. A Zariski density argument then
shows that a = 0. Give more details. Thus, the above extension 7 is uniquely determined. O

LEMMA 22.25. For and -y: Al x X = G as above, and any v € Ox and n € Nt, we have

Far(@) = 3(Va(a))
U (a) = F(Fu(a))
0.r(a) = F(r(u)a).

PROOF. In each case, we see that the right hand side defines a homomorphism WxX->G T hus, in
view of the Proposition, it will suffice to prove the following:

(fa)(t) =F(Va(7(1)))
(v ) (t) = F(Fu(7(2)))
(0u)(t) = (7 (u)7(t)).
These are all clear from the definitions. O
COROLLARY 22. 26. A curve 7y: Alx X = G is p-typical iff the homomorphism 7 : WxX— G factors

through the quotient W oo X X. Thus, Curves,(G) can be identified with the set of homomorphisms WxX —
G of formal group schemes over X.
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23. Witt covectors

In this section, we will define an abelian group CWpe(R). To motivate this, consider the case where
R is a reduced finite Z/p-algebra. We showed in Proposition that Wy (R) is a finitely generated free
module over Z,,, with Wy (R)/p = R. In this case it will turn out that CWpee (R) >~ Wy (R) ® (Q/Z), and
this can be identified with the Pontrjagin dual of W~ (R). For general R, the group CWpe(R) will again
be a module over W, (R), and will again have a kind of duality relationship with W, (R), although the
details will be more complicated.

DEFINITION 23.1. We define LW, (R) to be the set of maps a: p” — R such that a(p~™) = 0 for n > 0.
We write ak] = a(p®) for all k € Z. We identify W, (R) with the set
{a € LWp=(R) | alk] =0 for all k < 0}

in the obvious way. We define a bijection V': LWjee (R) — LWyee (R) by V(a)[k] = alk—1]. If a,b € LWy~ (R)
then for sufficiently large n we have V" (a), V™ (b) € Wpe (R) so we can define a+b=V""(V"(a) + V" (b)).
This is independent of the choice of n because V': Wpe (R) — Wyeo (R) is additive. It is clear that this makes
LW, (R) into a group, with Wy (R) as a subgroup.

We now define CW (R) to be the set of maps a: p? — R with a[k] = 0 for all k > 0. Using Lemma
we see that the addition map

CWyeo (R) X Wyee (R) — LWy (R)

is bijective, so we can identify CWje(R) with the quotient LWje (R)/Wpe (R), which gives it a group
structure. The automorphism V' of LW, (R) induces a surjective endomorphism of CWp(R), and for any
a € CWyeo (R) we have V"(a) = 0 for n > 0.

DEFINITION 23.2. For k € Z we define wy: LW, (R) — R[1/p] by
W[k] (a) = Zpk—ja[k _ j]pJ )
Jj=0
(Note that the sum is finite because a[m] = 0 for m < 0.) If £ > 0 and a € Wy (R) then it is easy to see

that this agrees with our earlier definition of wy(a). In all cases we find that wy,(V(a)) = wip—1)(a). Using
this, it follows that wy) is a homomorphism of additive groups.

DEFINITION 23.3. Let I be an ideal in R. We define
Wy (I) = Map(p", I) € Map(p", R) = Wy (R).
It is easy to see that this is an ideal, and is the kernel of the evident surjective homomorphism
Wpoo (71') : Wpoo (R) — Wpoc (R/I)
We define subgroups LWpee (I) < LWpes (R) and CWpe (I) < CWpee (R) in the same way.
LEMMA 23.4. There is a well-defined homomorphism §: CWye (R/p) — R[1/p]/R given by {(a) =
2 >0 pia[—j)P’" for anya e CWyee (R) lifting the element a € CWpyee (R/p).
PROOF. We have a homomorphism & = p~'wj_1;: LWy (R) — R[1/p] given by
. i o i1
€o(a) =p~ 1 Zpﬂa[—l —qP = Zp Ja[—j]pj .
i>0 3>0
This is clearly zero on Wy (R) and so induces a homomorphism &1 : CWpye (R) — R[1/p|. If j > 0 and a[—j]
is divisible by p then p‘ja[—j]pk1 is divisible by p™ where m = p~1 —j > 0, so p_ja[—j]pr1 € R. This
shows that & (CWye (pR)) < R, so we get an induced map &: CWye (R/p) — R[1/p]/R as required. O
LEMMA 23.5. Suppose that R is a finitely generated free module over Z,, and that R/p is reduced (so that
R lies in the category W from Definition|13.14). Then the map £: CWpe (R) — R[1/p]/R is an isomorphism.

ProoF. Using Proposition b) we see that any element b € R[1/p]/R can be expressed uniquely as
> icoT(b)p~" for some system of elements b; € R/p with b; = 0 for i > 0. Recall also that the Frobenius
map ¢: R/p — R/p is bijective. We can therefore define a € CWye~(R/p) by a[—i] = ¢'7i(b;). It is
straightforward to check that this is the only element with £(a) = b. (Il
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